
T he success of pricing models is often measured by the extent to which
closed-form solutions of the Black-Scholes type are available for the
basic payouts. Analytic tractability is often crucial for the calibration

to market data and is helpful for implementing numerical algorithms for
exotics. Extensions of the Black-Scholes formula have been directed to-
wards three main model classes: local volatility models, which postulate a
deterministic relationship between the underlying state variable, time and
volatility; stochastic volatility models, which assume that the volatility fol-
lows a distinct but correlated process; and jump models, which can be re-
garded as limits of stochastic volatility models whereby the volatility can
occasionally be singularly large at some points in time, enough to cause
the underlying sample path to have discontinuous jumps.

As Dupire (1994) demonstrated, state-dependent volatility models are
able to reproduce arbitrage-free implied volatility surfaces. However, robust
estimations require either regularisations or settling on a parametric form for
the local volatility such as the constant elasticity of variance model in Cox
& Ross (1976), the quadratic volatility models in Rady (1997) and the more
comprehensive hypergeometric Brownian motions in Albanese et al (2001).
A widely adopted jump model is Madan’s variance-gamma model (see Madan,
Carr & Chang, 1998, and references therein). Stochastic volatility models such
as Heston’s (1993) have also found widespread industry applications.

The three volatility models are all able to reproduce most of the fea-
tures of market-implied volatility skews for European-style options at a
fixed maturity, although sometimes the implied process departs too radi-
cally from the one estimated historically, does not reflect properly the price
of exotic options and/or does not produce correct hedge ratios. An im-
portant feature of price processes is the so-called leverage effect first con-
sidered by Black (1976), according to which price levels are negatively
correlated with spot volatility. Models that incorporate this effect produce
hedge ratios that reflect the ability to vega-hedge using the stock. From
the modelling perspective, the leverage effect can be captured either by
local volatility models or by stochastic volatility models in which equity
returns are negatively correlated to volatility changes. Local volatility mod-
els have the advantage of being analytically much simpler as the volatili-
ty is tied directly to the value of the underlying instead of being driven by
an independent process. However, pure state-dependent volatility models
run into dynamic inconsistencies, as the implied volatility of call options
of the same strike tend to stay constant as the underlying price changes,
a phenomenon sometimes called sticky-strike dynamics. Empirical evi-
dence shows that this happens only occasionally, while in normal market
conditions, options of the same delta (not the same strike) tend to retain
a roughly constant implied volatility as time evolves (Derman, 1999). Mar-
ket prices of forward starting calls can be explained interchangeably by ei-
ther a stochastic volatility or a jump component or a mixture of the two
effects. Prices of other exotics, such as barrier and American-style options,
are instead quite sensitive to the degree of mixture between the jump and
the stochastic volatility components. Furthermore, pure stochastic volatil-
ity models encounter difficulties capturing the very short-term behaviour
of the implied volatility skew, unless one assumes that the instantaneous
volatility can become unusually large. Jumps instead readily justify short-

term skews. Pure jump models also run into difficulties as the implied
volatility surface flattens out too rapidly unless jump amplitudes quickly
increase as a function of time. As a rule, the better hedge ratios and the
most consistent pricing schemes across exotic options result from the more
inclusive models, as long as they are properly calibrated.

The practice of using different pricing models for different classes of
exotics is driven by the desire to capture the most relevant effects while
keeping models as simple as possible. However, this practice gives rise to
pricing inconsistencies across asset classes and exposes users to the po-
tential of subtle arbitrage opportunities. In addition, price discrepancies
often translate into even larger discrepancies between hedge ratios. The
desire to bridge the gaps between the model classes in use and to con-
struct a more consistent pricing framework is driving much of the current
research in option pricing theory. This complex technical challenge in-
cludes three steps: (i) add flexibility to the option pricing formalism in such
a way to make calibrations and statistical estimations possible; (ii) con-
struct lattice models to add further flexibility and price exotics; and (iii)
carry out systematic empirical studies to find the right mixture of volatili-
ty processes that best fits data across the various asset classes.

In this article, we address (i) by constructing solvable models in a con-
tinuous pricing variable that combines the three volatility models. Within
these models, one can price European-style and some barrier options (with
barriers struck at constant forward). Also, these models can be discretised
in a natural way while preserving solvability, thus yielding efficient lattice
models for a broad range of exotics. For this, we refer the interested read-
er to our more technical paper (Albanese & Kuznetsov, 2003), where we
show how a slight modification of the derivation in this paper yields mod-
els in a discrete price variable for which one can calculate transition prob-
abilities in analytically closed form, thus giving lattices where the distance
between the time nodes can be adjusted at will without altering final re-
sults. Similar lattice models also apply to the case with stochastic volatili-
ty, which we study in a forthcoming paper on interest rate models.
Regarding (iii), our group worked out applications to credit derivatives (Al-
banese et al, 2003) and is about to release two more papers on convert-
ible bonds and on interest rate derivatives with stochastic volatility. The
purpose of this article is to outline in a stylised framework what the main
technical ideas are by following the simplest, most direct route we know,
thus providing a pedagogical introduction to our other more application-
specific articles and perhaps motivating the technical reader to adapt these
general ideas to her specific domain of interest.

The recent derivatives literature on unified models is mostly aimed at
combining jumps with stochastic volatility. For instance, Carr et al (2001)
discuss time-changed Levy processes and model the leverage effect by cor-
relating jumps with the stochastic volatility factor. In this article, we pur-
sue a different direction and combine the three volatility models together.
Although we assume that the stochastic volatility driver is independent,
the presence of a local volatility component accounts for the leverage ef-
fect. Our method is also related to the recent work by Carr & Wu (2004)
on Fourier methods in option pricing theory. When using ordinary Fouri-
er series, one expands payouts and pricing kernels as integrals over a con-
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Unifying volatility models
This article introduces a method for building analytically tractable option pricing models that
combine state-dependent volatility, stochastic volatility and jumps. The eigenfunction expansion
method is used to add jumps and stochastic volatility to hypergeometric Brownian motions.
Claudio Albanese and Alexey Kuznetsov conclude that such comprehensive unified models are
not only able to reflect the complexities of exotic option prices, but are also analytically tractable



Since the process e–ρtg(Xt) is positive and drift-less, it can be interpret-
ed as a new numeraire and used to define a measure change. Let Q de-
note the measure such that:

(3)

where P is the measure corresponding to equation (1).
Consider the function:

(4)

Since the transformed process e–ρt(c3 f1(Xt) + c4 f2(Xt)) is also drift-less under
P, the process Y(Xt) is drift-less under Q. It turns out that the function Y(x)
is invertible for all choices of the constants c3, c4 such that c1c4–c2c3 ≠ 0.
In fact, the derivative Y ′(x) can be expressed through the Wronskian be-
tween the independent solutions f1 and f2, namely:

Notice that:

Hence, Y ′(x) is non-zero and Y(x) is invertible. Let X(y) denote the inverse
of the function Y(x).

The process Yt = Y(Xt) is drift-less and satisfies the stochastic differen-
tial equation dYt = ν(Yt)dWQ

t  with volatility function:

(5)

The probability density function pY(t, y0, y1) for the process Yt = Y(Xt)
can be expressed in terms of the corresponding probability density func-
tion pX(t, x0, x1) for the process Xt as follows:

Here and throughout the article, we set y0 = Y(x0), y1 = Y(x1) and:

(6)

Next, we specialise to the case whereby the Markov generator LX has
discrete spectrum. This happens when the eigenvalue equation:
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tinuous basis of exponential functions with imaginary arguments. The Fouri-
er basis is suitable for processes that are homogeneous in the price of the
underlying, the most far-reaching example being represented by models
combining jumps with correlated stochastic volatility. The pricing kernels
of the state-dependent volatility models in this article also admit a gener-
alised form of Fourier representation. Our approach differs from the one
of Carr & Wu (2004) in that our basis is given by a discrete family of hy-
pergeometric functions and the integrals in the Fourier representation are
replaced by infinite series. This gives rise to distinct advantages from the
numerical viewpoint, as we find that the series can be evaluated by trun-
cating them to manageable finite sums over a few hundred terms.

The article is organised as follows. In the next section, we give a new
and simplified derivation of the hypergeometric Brownian models in Al-
banese et al (2001) and recast the pricing kernel and pricing formulas for
European-style calls as series expansions. In the following section, we dis-
cuss time changes associated with jumps or stochastic volatility and the
case of barrier options. We then summarise the results by discussing an
implementation example. We then conclude.

Hypergeometric Brownian motions
Here, we give a new simplified derivation of the main results about pric-
ing models built upon the hypergeometric Brownian motions in Albanese
et al (2001). That article contains a general procedure to construct a drift-
less process starting from a generic diffusion process Xt with drift m(x) and
volatility σ(x), that is, satisfying the equation:

(1)

To complete the formal definition of the process Xt, we add that Xt is bound
to take values on a (possibly infinite) interval D = (a, b) where ∞ ≤ a < b
≤ ∞ and the process terminates upon hitting the boundary.

Solutions to the Black-Scholes equation with a generic payout function
contingent on the underlying Xt can be expressed in terms of the so-called
pricing kernel pX(t, x0, x1) solving the following equation for t > 0:

Here, the operator LX is the so-called Markov generator for the process Xt,
and is given by:

(2)

and acts on the variable x0 in the first argument. From the probabilistic
point of view, the pricing kernel pX(t, x0, x1) as a function of the end-point
x1 is the conditional probability density of the variable Xt given the initial
condition X0 = x0.

A family of drift-less processes can be constructed based on the fol-
lowing ingredients: a parameter ρ > 0; two linearly independent solutions
f1(x), f2(x) to the differential equation LXf = ρf; and two constants c1, c2
such that the function g(x) = c1 f1(x) + c2 f2(x) is strictly positive, that is, g(x)
> 0 for all x ∈ D.
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admits a complete set of eigenvalues λn and eigenfunctions ψn(x), n = 0,
1, ..., which are orthogonal with respect to some measure µ(x)dx, that is:

(8)

In the implementation section below, we consider the generator of the
Cox-Ingersoll-Ross (CIR) process as an example. If the eigenfunctions are
known, the pricing kernel can be represented as the following series:

(9)

The pricing kernel for the martingale process Yt is then given by:

Notice that the time and space variables are separated in each term of the
series expansion, a useful property that – as we discuss below – allows
one to readily include jumps and stochastic volatility into the process.

An interesting expansion also applies for European-style call option
prices defined as follows:

(10)

where (y)+ = max(y, 0). If k = X(K) is the strike price in the X-variable, then:

(11)

where G(ρ, x0, x1) is the Green’s function defined either as:

or as the integral kernel of the operator (ρ – LX)–1. This formula is useful
in practice as it gives a computationally efficient method for evaluating Eu-
ropean-style call option prices and thus calibrating the model to market
data. A derivation of this formula is given in Albanese & Kuznetsov (2003).

Jumps and stochastic volatility
Here, we show how to build jumps and stochastic volatility features into
the local martingale Yt constructed in the previous section. The strategy is
to make use of stochastic time changes and leverage on the fact that vari-
ables are separated in formulas (9) and (11).

A stochastic time change process Tt is defined as a right-continuous
non-decreasing process starting from zero and with values in [0, ∞). The
time changed version of the process Yt is the process Y

~
t = YTt

. We shall
refer to t as the calendar time and call s = Tt the economic time co-or-
dinate. As discussed in the introduction, we make the simplifying as-
sumption that the time change process Tt is independent of the
underlying process Yt. In this case, if ρt(ds) is the distribution of Tt, we
have that:

(12)

for all continuous functions f(x). A stochastic time change is also charac-
terised by the Laplace transform:

(13)

Formula (12) allows one to express as follows the probability kernel
for the time-changed process Y

~
t:

In conjunction with equation (10) and given that in (9) the time variable
and space variables are separated, we find that:
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Similarly, European-style option prices under the time-changed process are
calculated as follows:

(15)

A rich variety of time changes can be constructed by combining time
changes of three different types. The first and most elementary one is given
by a deterministic time change process of the form Td

t = f(t), where f(t) is
an increasing right continuous function from [0, +∞) to [0, +∞). In this case
the Laplace transform is simply:

(16)

The second building block is a non-decreasing jump process Tj
t. If the

increments Tj
t1

– Tj
t0

are independent and their distribution is time-homo-
geneous, the stochastic time change process is a non-decreasing Levy
process called Bochner subordinator. It turns out that Bochner subordina-
tors are characterised by a so called Bernstein function φ(λ), such that:

(17)

Perhaps the most widely used example of Bochner subordinator encoun-
tered in pricing theory is given by the gamma process Γt of density:

(18)

In this case, the Laplace transform is given by:

(19)

and the Bernstein function is:

The third example of stochastic time change we build upon is given by
a process Tc

t with continuous paths that can be represented as follows:

where us is a positive stochastic process. This is the kind of stochastic time
change that arises in stochastic volatility models such as Heston’s. The in-
tegrand us can be interpreted as the process for local variance. In Heston’s
model, the variable us follows the CIR process. This choice is advantageous
as in this case the Laplace transform of Tc

t can be evaluated in analytically
closed form and is structurally similar to the pricing function of zero-coupon
bonds in the CIR model. More precisely, if ut is a CIR process with dut =
(c – dut)dt + ζdW, then the Laplace transform has the form:

(20)

where:
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Notice that in this case the Laplace transform Tc
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(25)

Implementation example
Here, we give a step-by-step construction to illustrate the theory in the ar-
ticle. As for Xt, we choose the CIR process of equation dX = (a – bX)dt +
√σ

_ 
dW. The Markov generator LX in the new variable ξ = θx is given by:

(26)

where θ = 2b/σ2 and α = (2a/σ2) –1. Two linearly independent solutions
f1 and f2 to the equation LXf = ρf are given by the following formulas:

(27)

Here, 1F1(A, B, z) is a confluent hypergeometric function and can be cal-
culated by means of its Taylor expansion:

The eigenfunctions ψn can be expressed as follows:

(28)

where the L(α)
n   are Laguerre polynomials of order α.

The corresponding eigenvalues are λn = –bn and the orthogonality mea-
sure µ(x)dx is equal to θα + 1xαe–θxdx. Laguerre polynomials can be effi-
ciently calculated by means of the recurrence relation:

(29)

with initial conditions L(α)
–1 = 0, L(α)

0    = 1.
Once the constants c1, c2, c3, c4 are specified, we can construct the dif-

feomorphism Y(x) and invert it to find the function X(y). The derivative
Y′(x) can be explicitly expressed in terms of confluent hypergeometric
functions using equation (27) and the identity:

This yields the local volatility function ν(y) in equation (5). The function
H(x0, x1) in equation (6) can also be expressed in terms of the derivative
Y′(x).

To calculate the Green’s function defined after equation (11), it is con-
venient to start from the following equation:

The solution can be expressed in terms of two linearly independent solu-
tions of the differential equation LXf = ρf, namely:
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clearly depends on u0. To be completely precise in our notations, because
of this dependency of the Laplace transform on u0, we may have defined
the Laplace transform with a time subscript as Lt0

(t, λ) = E[e–λTt|Ft0
]. We

opted otherwise for the sake of having less encumbered notations.
Our strategy to build a unified volatility model is to combine time

changes of the three types above into one, that is, we consider the process:

where Td
t is a deterministic function of time, Tj

t is a Bochner subordinator
and the third process has the form Tc

t = ∫ t
0usds where us follows a CIR

process. We also assume these processes are independent, so that the
Laplace transform can be calculated in analytically closed form and is given
by the product:

(22)

Barrier options and exotics are somewhat more difficult to price in the
presence of jumps and stochastic volatility. In this case, it is possible to re-
sort to the lattice approximations in Albanese & Kuznetsov (2003), which
are more flexible and cover the cases of barriers of arbitrary shape, Amer-
ican-style options, one-touch options, forward starting calls, compound
options, etc. The analytical framework we presented is, however, still quite
powerful in cases such as that of barrier options struck at constant for-
ward. As a working example, consider a double barrier option, with an
up-and-out barrier at the forward value Y = U and a down-and-out barri-
er at Y = L. Stochastic volatility is fairly easy to incorporate by directly sub-
ordinating pricing formulas. This is possible because the time change
process in this case has continuous paths.

In case there are jumps instead, the Markov generator in the X-repre-
sentation for the underlying diffusion process with jumps and absorption
outside the interval B = [X(L), X(U)] has the integral kernel:

(23)

Here, 1B(F) is the indicator function for B, λJ
n = –φ(–λn) and φ is the Bern-

stein function that characterises the jump process. To find the pricing ker-
nel, we need to exponentiate the operator LXBJ. To do that, one has to
diagonalise it. A possible strategy is to carry out the diagonalisation in the
basis ψB

n(x) of the eigenfunctions of the operator LX with Dirichlet bound-
ary conditions ψB

n(L) = ψB
n(U) = 0. Let λB

n be the corresponding eigenval-
ues. The matrix elements of the operator LXBJ in this basis are:

(24)

Let aBJ
n  (j) be the eigenvectors of LBJ(m, n) and let λXBJ

n      be the corresponding
eigenvalues. Furthermore, let ψBJ
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Here M(x) = f1(x) and:

To construct a realistic example, we choose the following parame-
ters: a = 0.1, b = 0.06, σ = 0.42, X0 = 1, ρ = 0.05, c1 = 5, c2 = –2, c3 = –2
while c4 is determined out of the condition g(X0) = 1. The gamma process
for the Bochner subordinator has parameters µ = 1 and ν = 0.1 while
the stochastic volatility portion is given by c = 0.1, d = 0.1, ζ = 0.3 with
initial condition u0 = 1. To assess the speed of convergence, we esti-
mated the number N of terms in the series expansion for European-style
call prices that are needed to achieve penny accuracy, that is, errors
smaller than 10–4. We find that six-month maturities require only 100
terms, one-month maturities about 500 terms (see figure 1), and one-
week maturities 2,000 terms. When applied to the lattice discretisations
in Albanese & Kuznetsov (2003), convergence is noticeably faster and
one-week time horizons require about 50 terms to calculate the node-
to-node transition probabilities.

Figures 2 and 3 show sample shapes for the implied volatility surface
and the terms structure of at-the-money implied volatilities correspond-
ing to the particular choice of parameters in our examples. Obviously,
all the shapes corresponding to the standard variance-gamma, Heston
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and hypergeometric local volatility models can also be reproduced as
particular limiting cases. 

Concluding remarks
We have built a family of analytically tractable option pricing models com-
bining state-dependent volatility, stochastic volatility and jumps. The con-
struction is based on the method of eigenfunction expansions, and accounts
for jumps and stochastic volatility by altering the time-dependent coeffi-
cients of a series expansion. This technique can be applied to numerous
sub-fields of option pricing theory. Lattice versions of these models are dis-
cussed in separate papers such as Albanese & Kuznetsov (2003). ■
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3. Term structure of implied ATM volatility
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2. Implied volatility surface for the example
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1. Convergence of series for option prices


