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Abstract. Laplace transforms for integrals of stochastic processes have been known in analyt-
ically closed form for just a handful of Markov processes: namely, the Ornstein-Uhlenbeck, the
Cox-Ingerssol-Ross (CIR) process and the exponential of Brownian motion. In virtue of their
analytical tractability, these processes are extensively used in modelling applications. In this
paper, we construct broad extensions of these process classes. We show how the known models
fit into a classification scheme for diffusion processes for which Laplace transforms for integrals
of the diffusion processes and transitional probability densities can be evaluated as integrals
of hypergeometric functions against the spectral measure for certain self-adjoint operators. We
also extend this scheme to a class of finite-state Markov processes related to hypergeometric
polynomials in the discrete series of the Askey classification tree.

1. Introduction

Let (X;)¢>0 be a time-homogenous, real-valued Markov process on the filtered probability
space (£2, {F:}+>0, P) and consider the Laplace transform Lp_(X;, ) defined as follows:

LT—t(Xt, 19) — EP |:€—19ftT o(Xs)ds q(XT)‘]:t:| (11)

where t < T, 19 € C and ¢,q : R — R two Borel functions. In this paper, we address the
question of whether it is possible to compute the Laplace transform Lr_;(X},?) in ana-
lytically closed form. Our work builds upon several streams of research often motivated
by applications to various fields of Physics and Finance, and unifies them to obtain a
broad classification scheme for Laplace transforms expressible in analytic closed form.

For ¢ = 1, a class of examples for which analytic closed form solutions are available
is represented by the so called affine models which are characterized by a representation

of the form
LT—t(Xt7 19) — em(Tft,ﬁ)XtJrn(Tft,ﬁ). (12)

The archetypical affine models are based on diffusion processes and are described by
stochastic differential equations of the form

dX, = (a — bXy)dt + o X dW, (1.3)

where a, b, o are constants and 3 = 0 or % The case 8 = 0 corresponds to the Gaussian
Ornstein-Uhlenbeck process [33] and the case 3 = § corresponds to the Cox-Ingersoll-

Ross (CIR) process [7]. The case of the CIR process was generalized to bridges by Pitman
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and Yor in [27]. It has been shown in [4], [5] and in [11] that any affine process which is
a time-homogenous, nonnegative diffusion is necessarily of the CIR type. However, there
are also affine processes with jumps. General non-negative affine processes correspond
to the so called conservative CBI-processes (continuous state branching processes with
immigration) and have been well studied, among others, by Kawazu and Watanabe in
[19] and Filipovié¢ in [13].

An extension of the affine class, known as the quadratic class, postulates the Laplace
transform being of the form

LTft(Xhﬁ) _ el(T—t,ﬂ)Xf—&-m(T—t,ﬁ)Xt+n(T—t,19). (1_4)

The first examples of quadratic models appeared in the double square root model of
Longstaff in [23] and in the nonlinear equilibrium model by Beaglehole and Tenney in
[3]. Rogers [30] also uses examples where the pricing kernel is a quadratic function of the
Markov process. Most recently, Filipovié¢ [14] proved that if one represents the forward
rate as a polynomial function of the diffusion process, the maximal consistent order of
the polynomial is two. Consistency in this context means that the interest rate model will
produce forward rate curves belonging to the parameterized family. Finally, Leippold and
Wu [21] formulated a general asset and derivative pricing framework for the quadratic
class.

A separate class of models for which the Laplace transform can be expressed in
analytically closed form is represented by the exponential Brownian motion of equation

dXt = /.LXtdt—FO'Xtth (15)

where p,0 > 0 are positive constants. This case was first considered by Yor in [35] who
arrived to an expression involving a triple integral. An earlier related result for bond
prices given in terms of an integral over modified Bessel functions was formulated by
Dothan in [10]. As an alternative, Geman and Yor [17] derive a closed-form expression
for the Laplace transform in terms of confluent hypergeometric functions (see Donati-
Martin et al. [9] and Yor [36] for further references). For applications to finance, one
needs to compute the inverse Laplace transform, for which numerical methods have been
developed by Geman and Eydeland [16], Fu et al. [15], Craddock et al. [8], Shaw [31].
Dufresne in [12] and Linetsky in [22] develop analytical methods and alternative expan-
sions.

In this article, we obtain far reaching extensions of the representation formula for
the Laplace transform for the integrals of stochastic processes over geometric Brownian
motions. The key idea is to seek expansions of similar form as those in [12] and [22] but
expressed in terms of more general hypergeometric functions, see [1], as pioneered by
Wong in [34]. Let us recall that general hypergeometric functions are denoted as follows:

pFolon, . o apivi, o g 2) (1.6)

for p < g+1,v; € C\—Z, and are represented by the following Taylor expansion around
z =0

. =N (@)n (o) 2
pFa(on, . apim, o 7g5 2) ;O e T (1.7)

The Kummer functions in the work by Geman and Yor [17] are in the family ;Fy of
the so called confluent hypergeometric functions. Gaussian hypergeometric functions are
in the family oF; and admit the functions of type 1F} as limits. Both Gaussian and
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confluent hypergeometric functions solve differential equations of the Fuchsian class, see
[18]. Specifically

2(1=2) oFY (0, B;7; 2) + (v — (L + a+ B)z) o Fi(a, B;7; 2) —aff 2 F1 (o, B57;2) = 0 (1.8)

and
2 1F (75 2) + (v — 2) 1F(a;7;2) — a 1 Fi(o; 5 2) = 0. (1.9)

In general, higher order hypergeometric functions are not associated to a differential
equation. However, in some particularly important cases, they provide solutions of finite
difference equations. The Askey classification scheme, see [20] and [32], gives a complete
list of all orthogonal polynomials solving either a differential or a finite difference equa-
tion and in addition satisfy a recurrence relation. All of these polynomials descend as
particular or limiting cases from the so-called Racah polynomials, which are particular
cases of the hypergeometric functions 4F3.

We first consider the case of diffusion processes and next the case of finite state
Markov processes. In the diffusion case, we construct a classification scheme based on
reduction to eigenvalue problems admitting solutions within the class of Gaussian and
confluent hypergeometric functions o/} and 1 F;. In the second case, the problem is more
difficult for several reasons, as there is no discrete equivalent of a theory of Fuchs type
equations and, in addition, the groups of conformal transformations and diffeomorphisms
do not extend to lattices. What we do in the discrete case is to take the moves from the
Askey classification scheme for orthogonal polynomials and show how to extend the pre-
vious spectral decomposition to the case of Meixner, dual Hahn and Racah polynomials,
which are special cases of 3 F}, 3F5 and 4F3 hypergeometric functions.

For a diffusion process, on a domain D, C R, of the form

we define the transitional probability density pr—_.(x,y) as the density of the Markov
semigroup of the process X;:

EY [ f(X7)| 7] =/ F(y) pr—i(z,y)dy. (1.11)
D

We are interested in building a classification scheme for the drift and volatility func-
tions p(z),o(x) such that the calculation of both functions p and L can be reduced to
computing an integral over hypergeometric functions. The transitional probability den-
sity and Laplace transform can be computed in terms of the spectral resolution for the
infinitesimal generator of the process X;

o(z)? 02 0
and the Feynman-Kac operator
5 _o(x)? 9? 0
In fact, we have that
pT—t(xa y) = e(T_t)L(xa y) (114)

and ~

Lr_i(x,9) = / q(y) e TV (2, 9)dy. (1.15)

D
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As we show in detail in Section 2, these operators are conjugated by a non-singular trans-
formation to self-adjoint operators which admit a spectral resolution. The calculation of
the transitional probability density in (1.14) and the Laplace transform in (1.15) is thus
reduced to the resolution of the differential eigenvalue problems

Lf@)=Xf(z) . Lflx)=2Xf(x). (1.16)

To properly define the classification scheme, we specify by what means the reduction can
be accomplished.

Definition 1. The problem of finding the transitional probability density and the Laplace
transform for the process in (1.10) is said to be reducible to a spectral integral over
hypergeometric functions if the two eigenvalue problems in (1.16) can be recast in the
form of a differential equation for hypergeometric functions such as either (1.9) or (1.8),
by means of a combination of the following three operations T;:

1. Ty: change of variable x — z = Z(x) where Z(x) is a diffeomorphism Z : D, — D,
such that ~ R
Lo— L, , Ly L, (1.17)

2. Ty: gauge transformation associated to a strictly positive function h such that
L—h'Lh | Lw—h"'Lh, (1.18)
3. Ty2: left-multiplication by a strictly positive function v? such that
L—~2L , L ~2L. (1.19)

The third kind of transformations was first recognized in its generality by Natanzon in
the article [25] on integrable Schrédinger equations, see also Milson’s paper [24]. The
following theorem gives a concise statement of our main classification result:

Theorem 1 (First Classification Theorem). The most general reducible diffusion
process (up to diffeomorphism) according to Definition 1 can be constructed as follows:

1. four second order polynomials in x: A(x), Q(x,9), R(x), S(x), such that A(x) belongs
to the set {1,z,z(1 — z),2% + 1} and R(x) > 0;

2. conditions for the stochastic process Xy on the boundary of the domain D, specifying
the relative probability of reflection versus absorption upon hitting the boundary;

3. a solution of the following equation in D, for some £ € R:

A(z)? S(x)
o) O R

h(z) = €h(z) (1.20)

The function h(z) is a linear combination of hypergeometric functions of the confluent
type 1 F1 if A(z) € {1,z} and of the Gaussian type o Fy if A(z) € {x(1 —x),2% + 1}.

The process associated to this choice is given by a generic solution to the following stochas-
tic differential equation on the domain D, :

W(X:) AXp)? b+ V2A(X,)

h(Xy) R(Xy) VR(X)

with the boundary conditions above. The Laplace transform is specified by

Q(z,9)
IR(x)

dXt:2

AW, (1.21)

P(x) = : (1.22)
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The proof of this theorem is in Section 2. These constructs are based on spectral
analysis techniques for which we refer to the book by Reed and Simon [29]. We also
make the spectral analysis more explicit and list the expressions for the transitional
probability density and Laplace transforms in terms of the kernel of semigroups generated
by integrable quantum Schrodinger operators. In Section 3, we specialize further and re-
discover the known cases of processes built upon the geometric Brownian motion and on
the Ornstein-Uhlenbeck and CIR processes, along with some interesting extensions.

In Sections 4 and 5, we restrict the framework to the special case of hypergeometric
polynomials. In the discrete case, studied in Section 5, the process X; takes on only a
discrete set of values, as opposed to following a diffusion process. In this class of models,
we base our analysis on the Askey-Wilson theory of orthogonal polynomials, see [2] and
[32]. We briefly review the basic notions, following [20].

Definition 2. An orthogonal system of polynomials is given by a sequence of polynomials
Qn(x) of order n for n € N on the interval D C R which satisfies an orthogonality
condition of the form

/D Qn(2)Qm(x)p(dx) = di(Snm , n,meN, (1.23)

where the d,, are constants and p(dz) is a given measure. One distinguishes between con-
tinuous polynomials whereby p(dx) is absolutely continuous with respect to the Lebesgue
measure, i.e.

pldz) = w(z)dx (1.24)

for some weight function w(zx), and discrete polynomials for which

p(dz) = Zw(xl)é(x -4 , NeN (1.25)

=0

All orthogonal polynomials satisfy a three-term recurrence relation of the form

where n > 1, A, > 0, C,, > 0 and B,, € R. Together with the conditions @_1(z) = 0
and Qo(z) = 1, all the @, (z) can be determined based on this recurrence relation. The
converse is also true and is known as the Favard theorem, see [6]. Moreover, they satisfy
the following eigenvalue equation,

LQn(z) = AnQn(2), (1.27)

for £ a second-order differential operator in the continuous case or a finite difference
operator in the discrete case.

The reducibility condition in Definition 1 is mirrored by the following (inequivalent)
one which refers to orthogonal polynomials in the continuous series as opposed to Gaus-
sian hypergeometric functions:

Definition 3. The problem of finding the transitional probability density in (1.14) and
the Laplace transform in (1.15) is said to be reducible to a spectral integral over or-
thogonal polynomials if the two eigenvalue problems in (1.16) have the same orthogonal
polynomials as eigenfunctions.
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We first restrict the framework to continuous orthogonal polynomials that have as
generator a second-order differential operator,
o? 0?

L=—A()

> + (a— b:z:)g, (1.28)

022 oz

acting on the Hilbert space L?(D, p), where A(z) € {1,z,2(1 —z)}, a € R and b,0 > 0.
This class consists of the Hermite, Laguerre and Jacobi polynomials up to diffeomor-
phism. Our main result concerning the latter continuous orthogonal polynomials can be
stated as follows:

Theorem 2 (Second Classification Theorem). The most general reducible diffusion
process (up to diffeomorphism) in the sense of Definition 3, has infinitesimal generator
L given by (1.28). Its transitional probability density can be expressed as

% An(T—1)
pr—i(z,y) = Z TQn(x;mb)Qn(y;a,b)w(y). (1.29)
n=0 n

Furthermore, for some parameters a,b,C € R,

- Az a—bx)? — (a — bx)?
¢(z) = C + ((a — bx) — (a — bx)) 219145(;) ( 21&02/1((95) :

(1.30)

and the Laplace transform is given by the following convergent series:

L) =e ([0 ay) ST Quea . ()

The coefficients z,, are given by:

g [ awes (< [ (a_EZ)Q;l(S_by)dy)Qn(w;dﬁ)ﬁ(dw) (132)

&

In Section 4 we present the proof of this alternative classification scheme based on
orthogonal polynomials of the continuous series. This discussion sets the premise for
the extension of the result to orthogonal polynomials in the discrete series. Discrete
orthogonal polynomials are characterized by a finite difference generator on the Hilbert
space [?(Ay,w) with Ay the set {0,..., N}.

Definition 4. Let A" and Vf}_ denote the difference operators defined as follows:
Aly(a) = y(e+h) = 2y(x) +y(z —h) . Viy(e)=ye+h) - y(z). (1.33)
Using these operators, the finite difference generator £ takes the form
L=-D(z)A"+ (D(z) — B(z)) V4, (1.34)
where B(z) and D(z) are rational functions of at most fourth order in the numerator

and at most second order in the denominator. Our main result in the discrete case can
be stated as follows:
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Theorem 3 (Third Classification Theorem). The most general reducible discrete
Markov process in the sense of Definition 3, has infinitesimal generator L given by (1.34).
Its transitional probability density can be expressed as

N eAn(T—t)
pr—+(z,y) = Z TQn(x)Qn(y)w(y)' (1.35)
n=0 n
o(x) must be of the form
#() = B(x) + D(x) — B(z) — D(w), (1.36)

where B(x) and D(x) are the same rational functions as B(x) and D(x) up to a multi-
plicative constant, but for different parameters, and satisfy the lattice condition

B(z —1)D(x) = B(z — 1)D(x). (1.37)
0
The Laplace transform is given by the convergent series (H =1 by convention):
k=1
TD0) S sa-n, g
Lr_(z,1) =[] == mTD 2 Q). 1.38

The coefficients z,, are as follows:

S Z H% )Qn(@)(2). (1.39)
€An k=1

§M

In our notation, {@Q,(z)} is the same set of orthogonal polynomials as {Q, (z)} expect
for the value of the parameters. Section 5 gives a proof of the latter result, as well as
explicit representations for processes based on the Meixner, the dual Hahn and the Racah
polynomials.

This paper is organized as follows: Section 2 presents the proof of the first classification
scheme in the diffusion case and goes in more detail to provide a spectral representation
formula for transitional probability densities and the Laplace transform. Section 3 con-
tains a discussion of the classical examples showing how the geometric Brownian motion,
the Ornstein-Uhlenbeck and the CIR process fit in this classification scheme. Section 4
contains the proof of an alternative classification scheme based on orthogonal polyno-
mials of the continuous series, along with interesting examples. This discussion sets the
premise for Section 5 where we extend the result to orthogonal polynomials in the dis-
crete series. Finally, in Section 6 we discuss limiting relation and establish connections
between models corresponding to the discrete and the continuous series, which is a useful
result to construct numerical very stable discretization schemes.
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2. Classification Theorem for Diffusion Processes

In this section, we prove our first classification result, Theorem 1, in the diffusion case. We
start by reviewing some background notions concerning Fuchsian differential equations
and the so-called Bose invariants, and then proceed to the proof of the theorem.

2.1. Fuchsian Differential Equations

Consider the second order partial differential equations for the holomorphic function F'(z)
F'(2) + p(2)F'(2) + a(2)P(2) = 0 (2.1)

for some holomorphic functions p(z), ¢(z).

Definition 5. Let o € C be an isolated singularity for the holomorphic function F(z).
The singularity in « is called reqular if there is an exponent p € C for which the function
(z — @)"PF(z) admits a Laurent expansion with finitely many negative powers around

z=aq, i.e.
0

F(z)=(z—a)” Z (z—a)" (2.2)
n=—m
for some m € N. The point 0o is a regular singularity of the function F(z) if z=01is a
reqular singularity of the function F (%)
In [18], Fuchs gives conditions on the coefficients p(z) and ¢(z) which ensure that solutions
have only regular singularities.

Theorem 4 (Fuchs). Let F(z) be a solution of equation (2.1) with singularities in the
points ayq, ..., o, and co. Then these singularities are all reqular if and only if the func-
tions p(z) and q(z) have the form

po(z)

p(z) = (z—a1)...(z —ay) (2.3)

and

a(z) = (z — al)zq?.(/.zzz —ap)? (24)

where po(2) is a polynomial of order (n — 1) and qo(z) is a polynomial of order 2n — 2.

An alternative expression for the coefficient p(z) of an equation with only regular
singularities is

p) =3 (2.5)

z—
i=1 ¢

where the §;, i = 1, ..n, are constants. In particular, we have that

exp (; /Zp(w)dw> - Cf[l(z—ai)ég (2.6)

where C is a constant. The function

=1
solves the equation - -
F'(y) +1(y)F(y) =0 (2.8)
where 1 1
I(y) = =5p'(v) + 3p()° + a(y) (2.9)
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Definition 6. The function I(y) is called the Bose invariant of the equation (2.1). Notice

that I(y) has the form
Io(y)

W)= (y—a1)?...(y —an)? (2.10)

where Io(y) is a polynomial of order 2n — 2, without restrictions on the coefficients.

Let us focus again on the case n = 2, assume that coeflicients are real and that only
real linear fractional transformations are allowed to move the regular singularities. In this
situation we have to distinguish between two different cases for Bose invariants:

— CaseI (a1 =0, ag =1):

so(1 —y) +s1y+s2w(1—y)
y* (1 —y)?

I(y) = (2.11)

— Case I (a1 =4, ag = —1):

S0 + 1y + S2y?

I(y) = W2+ 172 (2.12)

These cases reduce to the Gaussian hypergeometric equation (2.18) for the function o Fy
as is shown below. Furthermore, special cases for the Bose invariant occur in the limit
when either a;; or g or both roots tend to oo, i.e.

— Case III (a1 =0, ag = o0):

S0 + 51y + S22
Y2

I(y) = (2.13)

— Case IV (a1 = 00, ag = o0):
I(y) = s0 + s1y + s2y” (2.14)

Case III reduces to the confluent hypergeometric equation 1 F; and Case IV corresponds
to the case of triple confluence at infinity. Notice that the above four cases can all be
captured by a single expression as stated in the following:

Proposition 1. The Bose invariants corresponding to the Gaussian hypergeometric func-
tion o F1 and to its confluent limit can be reduced to the following normal form by means
of a real valued linear fractional transformation:

Q(y)
A(y)?

where A(y) € {y(1 —y),y* + 1,y,1} and Q is a polynomial in y with deg @ < 2.

I(y) = (2.15)

The first two cases correspond to three regular singularities at distinct points. In
these cases, solutions can be expressed through Gaussian hypergeometric functions o Fj.
Fractional linear transformations of the form

az+b
cz+d

zZ

(2.16)

where a,b,c,d € C and ad — be # 0, are one-to-one maps of the extended complex line
C U oo into itself and map regular singularities into regular singularities. By applying
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a fractional linear transformation, one can map the singularities a; and as to 0 and 1,
respectively. Furthermore, we have transformations of the form

F(z) — (2 — 1) (z — a2)”* F(2). (2.17)

The combination of these two transformations allows one to reduce any Fuchsian differ-
ential equation with three regular singular points to the form

21=2)F"(2)+(v—(1+a+8)2)F'(z) —aBF(z) = 0. (2.18)

The function o F (e, B;; z) is an elementary solution of this equation along with o F (o, 8; 1+
a+f—v1-2).

Case III corresponds to the limit when a regular singularity merges with the regular
singularity at co while the other one stays at 0. This limit can be obtained starting from
the equation corresponding to two coinciding singularities at 0, i.e. a; = ag = 0:

c1+ c2z
2

c3 4+ cyz + 0522

F(2) + F'(2) + a F(z) =0. (2.19)

z z

By applying the coordinate transformation z +— % we find that
2Z2F"(2) + (24 c2)z + c12°)F'(2) + (c3 + caz + ¢52°)F(2) = 0 (2.20)

By rescaling the independent variable z and rescaling the function so that F(z) —
eP* f(wz) this equation reduces to the Kummer differential equation

2F"(2)+ (y = 2)F'(2) —aF(z) =0 (2.21)

which admits 1 F («;y; 2) as a solution. In alternative, one can reduce equation (2.20) to
the form
1 x Lpu?
F// _ = - 4
(2) + ( 1t

> F(z) =0 (2.22)

which is called the Whittaker differential equation. The case where all three singularities
merge at oo is also interesting and can be solved by rescaled confluent hypergeometric
functions.

2.2. Proof of the First Classification Theorem 1
We start by presenting obvious facts about the transformations 7; in Definition 1.

Proposition 2. The transformations T; are invertible with respective inverse:

T,'=Tx , T;'=T. , TW’}:T%Q (2.23)

»
where X : D, — D, is the inverse of Z(x).
Proposition 3. The transformations T; commute with one another.

The proof of the First Classification Theorem 1 for diffusion processes follows. The process
X, has infinitesimal generator
A(z)? 62 h'(z) A(z)? 0

Ry 82+ Vil = (2.24)

E:

=
=
)
=
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To solve the eigenvalue problem Lf = Af, define the following left-multiplication 7’
and gauge transformation T}:

A(z)?
R(x)

1
TpL = £ and TyL=Lh, (2.25)

so that the eigenvalue equation then transforms into

T;;T,:l Lf=Af— <8aa:2 + j’((;))Z) flz) = )\A(x)2 f(z). (2.26)

As R(z),S(x) are second order polynomials and A(z) € {1,z,z(1 — x),1 + 2%}, the
solution f(z) can be expressed as a hypergeometric function with Bose invariant

S(a) — \R(z)

1) = =405 (2.27)

The same operations can be applied to the eigenvalue problem for the Feynman-Kac
operator, Lf = Af with

L=L—9¢(x), (2.28)
which leads to
T L = Af e (;xz + - 19(;5(35)) fla) = A k@, (229)

For f(z) to be expressed as a hypergeometric function, we require

_ Q.9)
9A(z)?

¢(z) (2.30)

for Q(z, ) a second order polynomial in z. The Bose invariant for the equation is

f@g::sm>—@ﬁzjg—AR@0. (2.31)

The converse follows from the facts that the transformations are invertible and the Bose
invariants are both expressed in the most general form.

Remark 1. The first transformation (Ty: change of variable) has not been used in the
proof. X; is therefore the most general reducible diffusion process only up to diffeomor-
phism.

2.3. Spectral Resolutions

Theorem 1 describes all processes with explicitly solvable transitional probability density
and Laplace transform for the integral of the process. We wish now to give a closed form
expression for both quantities. The following lemma allows one to determine the nature
of the spectrum of the operators £ and £. The nature of the spectrum is indeed based
on the shape of the Schrodinger potential, coming out of the eigenvalue problem once
reduced to a Schrédinger equation. Theorem 5 shows how this transformation operates on
the kernel of the semigroup generated by the Schrédinger operators and gives a general
spectral resolution of the operators £ and L.
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Lemma 1. Let T =T, Tz T, L where the diffeomorphism Z : D, — D, is given by
VE@) | A () !
7' (x) = with inverse X and the gauge transformation T, by g(z) = ( .
A(x) i ! R(X(z))
Then the operators L and L reduce to the following Schrédinger operators:
82
TL = @ — Ul(Z) = *Hl
~ o2
TL = @ — UQ(Z) = 7H2 (232)

where the potentials are given by
- (3 (5) 353
0@%:<¢) _<¢>’_SC¥@D—%KX@Lﬁ) 0.33)

g g R(X(2))
and’ denotes the derivative with respect to z.
Proof.
_ S(x)
T,T; T,'L=T, T (2)*
o T =0T (R0 s )

(P70 S(X(2)
T<afW/V - T R(X()
o* g S(X(2)
az+‘4 ) R(X(2)

and R
T, Tz T, 'L=T, Tz T;' L — 9(X(2)).

The two Schrédinger operators H; and Hs defined in the previous lemma have a spectral
resolution,

Hib,(2) = p B,(2), (2.34)
given by a complete set of normalized eigenfunctions @,(z) for p = —Xor p = -\ i=1,2
respectively. The spectrum is in general a combination of a pure-point spectrum o, (H;)
and an absolutely continuous spectrum o,.(H;). The kernel of the semigroup generated
by the respective Schrodinger operators has the general form

e Tz, 2) = > e TG (20) @ (21)+ / e~ TP, (20) P (21)dk(p)
pETpp (H,;) pETac(H;)

(2.35)

with dk(p) = 2\/’% and U, the lowest limit of the potential U;(z) as z tends to the

boundaries of the domain D,.

Theorem 5. The transitional probability density and the Laplace transform of any re-
ducible process described in Theorem 1 by the operator L and L is related to the kernels
of the semigroups generated by the respective Schrédinger operators as follows:

R(z) A(y)?

i )2 /4 3/4
e =38 (Goy) (e) e 20). 03
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Proof. The transformation T defined in Lemma 1 extends to the kernels as follows:

e(T—t)L‘( ) = e (T—1) T;LTZ’ITQTlHl(

z,y)
_ hly) 4z 9(Z(2)) _r-om,
h(z) dy g(Z(y))

T,y

(Z(x), Z(y))

B A o\ 1/4
and similarly for £ and Hs. Recall that g(Z(z)) = < R((xm)) ) and the Jacobian of T
R
is given by — = J, which concludes the proof.
dy Ay
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3. Examples of Solvable Diffusions

In this section, we show that the transitional probability density and the Laplace trans-
form for the integral of the geometric Brownian motion, the Ornstein-Uhlenbeck process
and the CIR process arise as corollaries of the First Classification Theorem 1.

3.1. The geometric Brownian motion

Definition 7. The geometric Brownian motion is defined by the solution of the following
stochastic differential equation:

dXt = ,U,Xtdt + O'Xtth (31)
with initial condition Xi—g = xg.

Corollary 1. The transitional probability density for the geometric Brownian motion is
given by the following formula:

2

; (%)~ (- @ 1)

_ = — 3.2
pr—t(z,y) /27 (T — 1) exp 202(T — t) (3-2)
The Laplace transform is explicitly solvable if and only if
o2
¢z) =55 (% (1 - %) —ty —t1x + t2z2) , (3.3)

where ty,t1 € R and to > 0 could depend on 9. It is then given in terms of the Laguerre
N

polynomials LS{” and the Whittaker function M) , (by convention, Z =04 N<O0):

n=0

+:rf%/ zpe” T-OE U (2/Eax)dk (3.4)
0 2./t5 2

. _ 11 —
1 (Tt] denotes the integer part of t), 6, = —2n — 1 + s U =

;(i —tp) and o =i %k. Forn=0,1,...,N, the discrete eigenvalues are given by

o2 1 ) 1
/\n—2<<n+2—2\/g) +t0_i . (3.5)

The coefficients z, and zy are respectively
2\/t On o I n _ :
2n = (r(f)) / ax) z75+E "R VBT L) (2 /Fpr)da (3.6)
n 0

and
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Proof. The infinitesimal generator is

o2 , 0? 0
L=—1"— 3.8
SRR (3.8)
whereas the Feynman-Kac operator has the form
2 2
P00 0
L= 922 + pT s + Jo(x). (3.9)
This case fits the classification scheme in Theorem 1 if one selects
2 h I
Al@)=2 , R@)=— , +=—. (3.10)

This choice sets the shape of the polynomial S(x), from (1.20) in Theorem 1, to be

1 1%
S() = — (2€+u(17§)), (3.11)
which in turn defines the Bose invariant as

26 =N +p(l—L

o=
~—

I(z) = o (3.12)
The Schrodinger potential, given by
g’ 7 1

is constant for all z. Hence the spectrum is absolutely continuous. The normalized eigen-
functions for the Schrodinger equations (2.34) are

1 .

D,(2) = ——= etz 3.14
where k2 = p— 82 +4 (1 — %) Theorem 5 yields the kernel for the semigroup generated
by the operator L:

L 1 (1n(2) — (e~ )T 1))
(T )ﬁ(x,y) = —27TO'2(T s exp | — 202 (T — 1)

(3.15)

which is pr_¢(z,y) and in which one recognizes the transitional probability density of
the geometric Brownian motion.

The kernel of the semigroup generated by £ is more general, since there is no restric-
tions on the polynomial Q(x, ), which, for ¢g,t1,t2 € R, can be written in the form

Q(z,0) = S(x) — to — tyx + tox®. (3.16)
The Bose invariant in this case is

. o to— 2
I(@)=~ts+ = + =

> (3.17)

which gives rise to two independent solutions to the eigenvalue problem u" + ITu = 0:

u(x) =M2f,71 L5 (2\/?21")

to

+0+1 t1

+509+1 —
_ () S vy [
(2Vtam)—= e ! 1( j:50+1

2Vt x) (3.18)
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2
%0 = i —to+ i—;\ The Schrédinger potential, given by

~ 2 =) =)
U(Z) = 1 <1 - to - tle\/TZ + t2€2\/22> 5 (319)

where

2 \4

has no singularities and is bounded from below if 5 > 0. It indicates that the spectrum
2
— O

is not strictly discrete, since U(z) — oo as z — oo but U(z) — U_ = (3 — to) as
z — —o00. Hence, the description of the spectrum separates in two cases:

— If t; < 0, then U(z) is monotonously increasing on D, = R and the spectrum is

continuous: p=—-A>U_.

~ 2
— If t; > 0, then U(2) has a minimum, Uy = U_ — %24%, at z = %ln;le and the

spectrum is discrete for Uy < p < U_ and continuous for p > U_.
Both cases can however be solved simultaneously. The solution to the Schrédinger equa-
o2
tion, $,(z), is related to u (), via the diffeomorphism =z = X (z) = e\/TZ and the gauge
2
g

o2
transformation g(z) = (T)ie\/Tz, as follows:

Dp(2) = g (2)us (X (2)). (3.20)

The asymptotic behavior as z — —oo, $,(z) =~ ﬁei”’” with &k = /p — U_ > 0, enforces
the normalization condition for @,(z) to the following:

1 1

\/7?(2\/5)_

The continuous spectrum appears for p greater than the lowest limit U_, implying that

(%) 500V R 2 (X (2). (3.21)

0k = (k) =4/ %k is imaginary. Whether or not the discrete part of the spectrum has

an infinite number of discrete levels depends on the asymptotic behavior of the potential.
As z = —o0, 2 — 0 and U(Z(x)) develops up to second order:

~ o? (1 9
U(Z(l‘)) = Z —tg —tix +tax” ). (322)
Since t; > 0 for the discrete spectrum, the convergence to the limit U_ as x — 0 is faster
than 22, which implies that there is only a finite number of bound states.

The hypergeometric functions in the solutions u () reduce to polynomials for = €
[0, 00) if respectively

+6 1 t
oM+l B e N (3.23)
2 2Vt2

We set 6, = do(n) to emphasize the dependance on n. The solution u_(z) is not L2-
normalizable, whereas u, () is given in terms of the Laguerre polynomials

un(z) = C(2VEaz) "2 e~ VET L0W) (24/652) (3.24)

with normalization constant C. The normalization condition / |®,,(2)|?dz = 1 fixes
o2

the constant C' = |/ ——=——— (cf. [28], p. 462). The discrete eigenvalues p = —X\,, are

4v/t2I(0n)
given by (3.5), where n is restricted to {0,1,..., N} by the condition —\,, > Up, and

NE[%—%]
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Hence, from Theorem 5, the kernel of the semigroup generated by L is given by the
following spectral resolutlon

(T=DL (g ) = g thy =} ~VB+y) (3.25)

N \/» s
3 e Gy ) E L VL (2

— o2
27\ 02ty y

o0
2
/ e~ TV HUIN 5, (2VE2)M =h (2v/t2y)dk
0 2¢/t2’

2./t 2
Finally the Laplace transform of the latter kernel is given by integration over D, = [0, c0)
and yields (3.4).
3.2. The Ornstein-Uhlenbeck process
In this subsection, we restrict the framework to the affine models, i.e. we set
q(x) = exp (wo()) (3.26)
for some w € R. We show that in the special case of the Ornstein-Uhlenbeck process,

both the transitional probability density and the Laplace transform can be expressed as
summations over Hermite polynomials.

Definition 8. The Ornstein- Uhlenbeck process is defined by the solution of the following
stochastic differential equation:

with b > 0 and initial condition X;—g = xg.

Corollary 2. The transitional probability density is given by the following formula:

-1 2(y) — 2(2)eb(T-1)?
pr—i(z,y) = % (1 — e_zb(T_t)> & exp [—( ) (z) ) ] (3.28)

o?m 1 — e—2b(T—1)
where z(x) = G—bz (ac — %) The Laplace transform is explicitly solvable if and only if
o2 (b a? ab — ab b2 -
¢(a:):279(02—04—t0+2 o x + o x), (3.29)
with tg,a,b € R and could depend on 9. It is of the quadratic form
LT,t({,L‘7 197w) _ em(T—t)—n(T—t)ac—l(T—t)ac2 (330)

where the functions m(7),n(7) and I(T) are as follows

1 b 1 b _op at T (. a?
m(T):Qh’l(U2>—2h'l(p—( —;)6 Qb)—a_zb—2<b—0_2—0'2t0>

P (1) e 8y O )
AN T P ke
n(T) _ _a/ —2(1 B 2pq%6757 + ( g %)270%6*257
g p— ( — F)672b7'
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with ~ ~ ~
(b4 b)(w(b—0b)+ ) 719(a+d)+w(ab—&b)7§
b= 2029 T W —wl-b) b
Proof. The infinitesimal generator of the Ornstein-Uhlenbeck process is
o? 9% 0
= —— - b ~ * ]'
L 5 8x2+(a m)ax (3.31)
and the Feynman-Kac operator has the form
s o2 0? 0
= —— —bx)— — 9 . .32
L 5 922 + (a — bx) o o(x) (3.32)
This case fits the classification scheme in Theorem 1 if one selects
2 a g _b_,2
Al)=1 , R(@)=—= , h(z)=e2""22". (3.33)
o

This choice implies that the shape of the polynomial S(z), from (1.20) in Theorem 1,
must be

1 a? 2ab b2
S(@) = 5@ +b—5)+ e - e, (3:34)
which in turn defines the Bose invariant as
1 2 2ab b2
I(@) = (26— 22+ b— 2) + o — —a?, (3.35)
o o o o

The Schrodinger potential, given by

b a® ab b2
U(Z)Z—f_i‘i‘ﬁ— 20_2Z+Z2’2 (3.36)

with z = 4/ %x, goes to oo as z — to0o. Hence, the spectrum displays discrete eigenvalues

of the form A\, = —bn for n € N. The corresponding normalized eigenfunctions that satisfy
the Schrodinger equation (2.34) are

0, (Z(z)) = \/% (;)1/46_2&(”’_%)2Hn <\/Z(x - Z)) . (3.37)

Theorem 5 yields the kernel for the semigroup generated by £ as a summation over
Hermite polynomials. Using Mehler’s formula (cf. [28], p. 710) and the notation z(x) =

\/g (z — %), the kernel re-sums into

2
_ b or o\ —1/2 (2(y) — z(a:)e_b(T_t))
T—t)L 2(T
T ) =y = (1 20 t>> exp l et . (3.38)

which is pr_:(x,y) and in which one recognizes the probability density of the Ornstein-
Uhlenbeck process.
For convenience and without loss of generality, we set the form of the polynomial

Q(z,9) to
(3.39)
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where tg,a,b could depend on 9. The Bose invariant in this case is
I(z)=ty— = + —o— —z°. (3.40)
o

The Schrodinger potential, given by

~ t() (_IB 0'2 62 2
_ _to_ab jo= 07 41
U(z) 5 2\ 3 z+ 17 (3.41)

is very similar to U(z) and indicates that the spectrum is again discrete since U(z) — oo
as z — +o0o. The solution @, (y) is given in terms of the Hermite polynomials

— 14 . = .
B (Z(x)) = \/% (;;) emz (=8 g, < %(w - b)) L (342)

for the eigenvalues A\, = —bn — g + % + %2150. From Theorem 5, the kernel of the
semigroup generated by L is given by the following spectral resolution:

; B a? Y y2 _ T 2 _
(T—t)L — ) _~_ 174G _ 7 “la—a)— = (b—
T 02a,5) = | e (S + ot )= LG40+ a0 - G- 0)
Z‘X’ ern(T=1) b a b a

n=

The integration of the latter yields the Laplace transform for g(z) = exp(wz) as a
convergent series in terms of the Hermite polynomials which re-sums to the formula
(3.30) (cf. [28], p. 488(16) and p. 710(1)).

Remark 2. Computing the Laplace transform L in the case where ¢(x) is affine, i.e.
¢(x) = x, is a direct consequence of the previous corollary. Setting the parameters to

b a \2 B o2 -
=5 () o a=a-T b= (3.44)

proves the following proposition:
Proposition 4. The Laplace transform for the affine Ornstein-Uhlenbeck process is as

follows:

Ly_y(z,9,w) = enT-)—n(T—t)z (3.45)
where

Y — (9 + wb)e 7
N b
(n(7) + w —U7)(ab — 19%2) o2

m(1) = = — @(n(ﬂz —w?). (3.46)
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3.3. The CIR process
In this subsection, we focuss again on the affine models, i.e. we set
q(x) = exp(wz) (3.47)

for some w € R. We show how to derive from the First Classification Theorem 1, the
transitional probability density for the CIR process and the Laplace transform in the
affine case. The main tool is the use of the Laguerre polynomials as eigenfunctions for
both the infinitesimal generator and the Feynman-Kac operator.

Definition 9. The CIR process is defined as the solution of the following stochastic dif-
ferential equation on D, =R,

dXt = (a — bXt)dt + o/ Xtth (348)
with a,b > 0 and initial condition Xi—g = xg.

Corollary 3. The transitional probability density of the CIR process is given in terms of
the modified Bessel function I, as follows:

e
pr—i(z,y) =c (y

exp {fc (y + xe*b(T*t))} Ii%_l (20\/W)
(3.49)

with ¢ = (T — t) = 25(1 — e " T=Y)=1. The Laplace transform is computable in closed
form if and only if

a a U2t0 1 ab J2t1 O'2t2 b2
#(z) = (2(1 o7~ 2> 2t (az - 2> + (2 - za> 5o (350)

where ty,t1,ts € R could depend on 9.
In the affine case, where ¢(x) = x, the Laplace transform is of the closed form

Ly_i(z,0,w) = ¢TIt (3.51)
where
2a beb7/?
m(r) = —In|= = =
o beosh(¥) + (b — wo?) sinh(2)
B2 — (b — wo?)? inh(b
n(r) =-w+ ( Qwo) - __ sinh(y) — (3.52)
o beosh(%) 4 (b — wo?) sinh (%)

and b = /20902 + b2.

Proof. The infinitesimal generator of the CIR process is

o2 9?2 0
L=—r— —br)— 3.53
2 Vg TG, (8.53)
and the Feynman-Kac operator has the form

s o 9?2 0
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This case fits the classification scheme in Theorem 1 if one selects
2
Alx)=2 , R(z)= :c . h(z) = 27 e 5E " (3.55)

o2

This choice sets the form of the polynomial S(x), from (1.20) in Theorem 1, to be

a a 2 ab b2
S(2) = (1 - ﬁ) +— <£ - 0_2> v — g, (3.56)
which in turn defines the Bose invariant as
b2 2 ab\ 1 a ay 1
I(:c)——a4+02({—)\+02>x+02(1—02>x2. (3.57)
The Schrodinger potential, given for z = i—”ﬁ by
3 da a 1 ab bV,

goes to 0o as z — oo and has a singularity at z = 0. The asymptotic behavior as z — 0
implies that the Schrodinger operator has a self-adjoint closure with completely discrete
spectrum. We have assumed i—‘; (1 — %) < 1 which is always satisfied. Hence, the spec-
trum presents discrete eigenvalues of the form A\, = —bn for n € N. The corresponding
normalized eigenfunctions that satisfy the Schrodinger equation (2.34) are given in terms
of the Laguerre polynomials

n! 2\t (2 \ YT (22-1) (2b
= _— — _ 2T 7 _ . .
b, (Z(x)) Tln+ %) (2x> ( > > e Ly, (02x> (3.59)

Theorem 5 yields the kernel for the semigroup generated by the operator £ as a summa-
tion over Laguerre polynomials, which can be re-summed into (cf. [28], p. 705(7)):

1(2a
p(r—)\ 3(2%-1)
eT=VE (5 ) = ¢ <y€x> exp [_c (y n xe—b(T—t))} Iz (201 /xye—b(T—t))
(3.60)

with ¢ = (T —t) = 25(1 — e~"T=)=1 and in which one recognizes the transitional
probability density of the CIR process.

For the Laplace transform L, we specialize to the case where ¢(z) is affine, i.e. ¢(z) =
x. Therefore, (1.22) sets the shape of the polynomial Q(z,) to

29
Q(z, ) = S(z) + §x2. (3.61)
The Bose invariant in this case is
~ 2 29 2 ab 1 a a1
I(x):—wl—UQ+(72(g—A+02>x+02(1—02)x2. (3.62)
whereas the Schrédinger potential, given by
~ 3 4a a 1 ab b+ 2002 ,
06 = (35 (%)) m 6 (363)
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corresponds to a discrete spectrum, following the same reasoning as for U(z). The solution
@,,(z) is given in terms of the Laguerre polynomials

n! o2\ 4 [ 9bs afo* b, (22-1) [ 2b
8.(2(x)) = (2) (U) e el () (3.64)

I'(n+ i—‘;) o2

with b = V2002 + b2 and for the corresponding eigenvalues A, = —bn — % (b — b). The
Laplace transform L in (1.15) is easily integrated and yields a convergent series in terms
of the Laguerre polynomials which re-sums to the famous formula (3.51) (cf. [28], p

462(3) and p. 705(7)).
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4. Processes related to continuous orthogonal polynomials
4.1. Proof of the Second Classification Theorem

We give a constructive proof of Theorem 2, independent of Theorem 1. In the following
remark, we show that Theorem 2 can actually be regarded as a corollary of Theorem 1.
The reducibility condition implies that the infinitesimal generator £ must be of the

form
2 2

L= %A(m)% +(a— bx)ﬁ% (4.1)

for coefficients a € R and b > 0. The transitional probability density of the process,
pr—¢(z,y), satisfies the backward Kolmogorov equation:

Op op o2 p
with final time condition
lim pr—(z,y) = 6(z —y)- (4.3)

By the reducibility assumption, a general solution to this equation is given by the fol-
lowing eigenfunction expansion in terms of the orthogonal polynomials @, (x;a,b)

n=0

According to (1.27), the functions of time h,,(t) satisfy the ordinary differential equations
B + Al = 0 (4.5)

which admits the general solution, for t < T,
B (t) = 2, (=0, (4.6)

The coefficients z, are given by the final time condition (4.3):

S 2nQulia,b) = 5z — ). (47)

n=0

Hence, multiplying on both sides by Q. (z;a,b) and the invariant measure p(dz), before
integrating over the domain of z, leads to the result (1.29) by the orthogonality property
(1.23).

The Laplace transform Lp_.(x,d) satisfies the backward Kolmogorov equation with
differential operator given by (1.13):

oL OL o2 0L
with final time condition

i Ly (2, 9) = g(x). (4.9)

For the sake of having a clearer constructive proof, consider the following ansatz for the
Laplace transform
L=V(x)L. (4.10)
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The previous equation then reads

L ~ - 2 ~ - - -
V%t +(a—bx)(V'L+ VL) + %\A(zﬂ(V”L +2V'L + VL") =9¢VL, (4.11)
where the symbol ’ denotes differentiation in the z-variable. The function V is chosen to

satisfy
2
(a —bz)V + Z%A(x)V’ = (@—bx)V (4.12)

for some parameters @ € R and b > 0, which implies

V(x) = exp </I (@- l;yQ)lA((yC; by) dy) . (4.13)

The function ¢(x) is specified as follows:

Vl 0_2 V//
0 =(a—br)—=+ —Alx)— 4.14
which is equivalent to (1.30) with the assumption that C regroups all the constant terms.
This choice yields the following partial differential equation for the function L:

oL

oL o? 9*L
- A
ot

+ (@ —br) 5= +

o

Following the same reasoning as for the transitional probability denstiy, a general solution
to this equation is given by the following eigenfunction expansion in terms of the same
orthogonal polynomials @, (x;a,b), but with different coefficients,

L= hn(t)Qu(x;a,b). (4.16)
n=0

According to (1.27), the functions of time h,,(t) satisfy the ordinary differential equations
P + Aphy = 0 (4.17)

where \,, are the eigenvalues corresponding to Q,,(z; @, b). The general solution, for ¢ < T,
is

hn(t) = 2, (770 (4.18)

where the z,, are constants. The latter equation for h,(t) with the explicit form of V' (z)
in (4.13) and the expression of L in (4.16) gives the expected result (1.31) for the Laplace
transform.

The coefficients z,, are given by the final time condition (4.9):

Ooz x;a,b) = q(x) ex - ””(d—l_)y)—(a—by)
S @utmand) =aw) e (- [ O a). @0

Hence, multiplying on both sides by @,,(x) and the invariant measure p(dx), before
integrating over the domain of z, leads to the final result (1.32) by the orthogonality
property (1.23) and concludes the proof of Theorem 2.
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Remark 3. The reducibility condition implies that the operators £ and L have the form

o? 0? 0]
s o0 0? _ = .0
for possibly different coefficients a,a@ € R and b, b > 0. Hence, setting
2A(x) Y a—by
R(z) = 2 and h(z) =exp (/ 02T(y)dy (4.21)

in the First Classification Theorem 1 yields the Second Classification Theorem 2. More-
over, consider the gauge transformation 73 defined by

h(z) = exp (/r C%d;,) . (4.22)

Then we have the following relation:

o? 0? o 02Q(x,9)

T, 'L = (4.23)

Notice further that the function V(z) of the previous proof is related to the latter two

gauge transformations by V(z) = ZE:;

4.2. The Ornstein-Uhlenbeck process

Corollary 4. Assume that £ and L are reducible in the sense of Definition 3 to Hermite
polynomials. Assume also that the function ¢(x) = x. Then the transitional probability
density of the Ornstein-Uhlenbeck process is given by:

b ,L( 42 > e—bn(T—t)
= _ o2 Y b)
prt(xay) 027Te =~ nlon

H, (2(2))Hn (2(y)) (4.24)

and the Laplace transform is given by the following convergent series:

Lr_¢(x,9) = ehe Z e (T8, H, (z(2)), (4.25)

n=0

where z(z) = \/ % (z — $) and Z(z) = \/ % (z — &). The coefficients z, are given by:

tn = — \/T /00 glw) e FH, (2(2))e 7 () da. (4.26)
n n!2" UZTF —00 "

Proof. This case fits the classification scheme in Theorem 2 if one selects A(x) = 1. This
choice implies

1 782 2
o(z)=C+ m((a —bz)? = (a — bx)?). (4.27)
In order to reduce ¢(x) to an affine function, we choose b = b, a = a— % and C = a;;g‘? .
The operator £, which has the form
2 92 0
£=22" 4 (a—bx) (4.28)

2 Oz2 o’
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has the Hermite polynomials H, (z(a:)) as eigenfunctions with eigenvalues A\, = —bn.
The invariant measure density and the normalization factor are respectively

w(z) = ) —— "= @8 and @2 = 12" (4.29)

which leads, by Theorem 2, to the formulation of the kernel of the semigroup generated
by L as the convergent series in (4.24). The latter series re-sums using Mehler’s formula
to give (3.28). By Theorem 2, the Laplace transform is given by (4.25). The coeflicients
2, are given by (4.26) and lead to the result (3.45), once integrated and re-summed.

4.8. The CIR process

Corollary 5. Assume that £ and L are reducible in the sense of Definition 3 to Laguerre
polynomials. Assume also that the function ¢(x) = x. Then the transitional probability
density of the CIR process is given by:

2a
26\ 24, nle~tn(T—1) e 2b | (22-1),2b
prodo) = (5) 7 sHe azyz Tarmy G )
(4.30)
and the Laplace transform is given by the following convergent series:
_ boby . —bn(T—t (%_1) 21—)
Ly_i(z,9) =e02 Z e T 5 L (;x) (4.31)
n=0
The coefficients z, are given by:
— 2a
n! 2b\ % [ 20 1 _bib, (25-1),2b
-— " (= o2 TeT Lt . 4.32
Zn T+ %) <U2> /0 q(z) x e (U2x)dz (4.32)

Proof. This case also fits the classification scheme in Theorem 2 if one selects A(x) = .
This choice implies

1 72

d(z) =C+ %((a —bz) — (a—ba)) + m((d —bx)® — (a — bx)?). (4.33)

In order to reduce ¢(r) to an affine function, we choose a = a, b = 20902 + b2 and
C= % (i — 7) The operator £, which has the form

o2
alr 0? 0
=— — —bx)— 4.34
L=— g5 tla—br)o, (4.34)
(25-1),2b . . o _
has the Laguerre polynomials L, (—290) as eigenfunctions with eigenvalues \,, = —bn
o

if @ > 0. The invariant measure density and the normalization factor are respectively

2b\ o2 24 r 2q
w(z) = (> 2t e E and 2 = u (4.35)
n!

which leads, by Theorem 2, to the formulation of the kernel of the semigroup generated by
L as the convergent series in (4.30) which re-sums to give (3.49). The Laplace transform
is given by (4.31) and the coefficients z, are given by (4.32). The latter results lead to
(3.51), once integrated and re-summed.
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4.4. The Jacobi process

Definition 10. The Jacobi polynomials P}f*’ﬁ)(x) are defined by the following Gaussian
hypergeometric function for x € [—1,1]:

P (@) =

n! a+1

(a+1), (—n,n—i—a—l—ﬁ—i—l
———2F 5

17
x) n=0,12,... (4.36)

Definition 11. The Jacobi process is solution to the following equation:
dXt = (a— bXt)dt+U\/ Xt(]. —Xt)th (437)
with initial condition Xi—o = zo € (0,1).

Corollary 6. Assume that £ and L are reducible in the sense of Definition 3 to Jacobi
polynomials. Then:

o2 (@2 —a® - p?
= 4.38
¢(x) 89 ( x + 1—x ) ’ (4.38)
fora=24-1>-1,=2%(b—-a)-1>—-landa=23-1>-1,8= Z(b—a)-1> —1.
The transitional probabzlzty density of the Jacobi process is given by:
el n(n+(x+6+1)(T t)
pr—i(z,y) = E: PO (1 = 2a) PP (1 - 2y) (4.39)

with normalization constant

2 'n+a+1D)I'(n+6+1)
" 2n+a+ B+ (n+a+B+1)n!’

(4.40)

The Laplace transform is given by the following convergent series:

a—ao 3— i o2 - — A
Lr_4(x,9) =272 (1-— m)¥ Z e~ Fnntatft)(T-1), plas) (1 — 2g). (4.41)

n=0
The coefficients z, are given by:
1 L (61 B) ata B+B
= q(z) PP (1 —2z) z72 (1—xz) 2 dx, (4.42)
n J0

with normalization constant

2 I'n+a+1)I(n+3+1)
" @2n+a+ B+ DI (n+a+ B+ 1)n!

(4.43)

Proof. This case also fits the classification scheme in Theorem 2 if one selects A(z) =

2(1 — z). This choice implies

o2 (a2 —a? (32— 32
( LB =B

P(z) = C+879 11—

+(a+p)?—(a+ ﬁ)2> . (4.44)

Since C is an arbitrary constant, we set it to C = (@ + 3)2 — (a + 8)2. The infinitesimal
generator £, which has the form

2 2

0 0

Q

(4.45)
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has the Jacobi polynomials P,sa’ﬁ )(1 — 2x) as eigenfunctions with eigenvalues A, =
f";n(n +a+p+1)if « > —1and § > —1. The invariant measure density and the
normalization factor are respectively

I'n+a+1D)I'(n+5+1)

— 20(1 _ )8 2 _
w(z) =2%(1—2)” and d; = Iy o prarup R y (4.46)

which concludes the proof by Theorem 2.

4.5. The Dual Jacobi process

We introduce the dual Jacobi polynomials by applying the transformation x — Z(z) =
x(2 — ) to the Jacobi polynomials defined in the previous subsection.

Definition 12. The dual Jacobi polynomials D™ (z) = P}f”ﬁ)(l —2Z(x)) are defined
as follows:

o atln . (-nn+a+pf+1
D) = e (o1

m(2—x)>, n=0,1,2,... (4.47)

They also satisfy an orthogonality relation (1.23) on (0,1) with normalization constants
and continuous measure density:

I'n+a+1)I'(n+p3+1)

wx) =2(z(2—2))"(1—-2)2 | &= . (4.48

() (( ) ) " 2n+a+fB+DI(n+a+ B+ 1)n! (4.48)
They are solutions to the eigenvalue problem (1.27) with generator:
o2 8?  2a—(2b— Z)z(2—2) 9

L=—22—-2)— 2 — 4.49

8 i z)aﬁ + 4(1 —x) Ox (4.49)

and eigenvalues A\, = —C’;n(n + a+ 3+ 1), still conditioned to a = % —1>—-1and

8= %(b —a) — 1 > —1. Hence, we have the definition of the dual Jacobi process as
follows:

Definition 13. The dual Jacobi process is solution to the following equation:

2 — (2b— )X, (2 — X
X, — a—( i 2 )Xt)( t)dt+% X, (2 = X;)dW, (4.50)
- t

with initial condition Xi—g = xo € (0,1).
We obtain yet another corollary to Theorem 2:

Corollary 7. Assume that £ and L are reducible in the sense of Definition 3 to the dual
Jacobi polynomials. Then:

o (at—a? [B-p?

= — 4.51
9(2) =55 <x(2—x) * (1—x)2>’ (451)
fora= % —1>-1,8= 0—22(1_7 —a) — 1> —1. The transitional probability density of the

dual Jacobi process is given by:

N 00 An(T—1)
pr—i(z,y) =2(y2—y)" (1—y* Y ———D(@)DP(y).  (4.52)
n=0 d%
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The Laplace transform can be expressed by the following convergent series:
Lr_o(z,9) =2(x(2 - ) 7 (1—2)°# 3 A0, D0 () (4.53)
n=0
where the coefficients z, are given by:
I - ata -
== / ¢(@) DD (@) (2(2 - ) T (1 — )PP de. (4.54)
n J0
with normalization constant
r &+ 1) 3+ 1
7= (n+a+1)I'(n+p+1) (4.55)

C@Qnta+B+)I(n+a+p+1)n!

Proof. The proof follows from Corollary 6 and the transformation © — Z(z) = (2 — z).
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5. Processes related to discrete orthogonal polynomials

The proof of Theorem 3 follows a very similar reasoning as the proof of Theorem 2, its
continuous version.

5.1. Proof of the Third Classification Theorem
The reducibility condition implies that the infinitesimal generator £ must be of the form
L =-D(z)A' + (D(z) — B(z)) V1. (5.1)

The transitional probability density pr_(z,y) satisfies the backward Kolmogorov equa-
tion with generator given by (1.12):

dp

& D(@)Ap + (D(x) ~ B@)Vip=0 (5.2
with final time condition
Hn pr—(z,y) = 6(z —y). (5.3)

By the reducibility assumption, a general solution to this equation is given by the fol-
lowing eigenfunction expansion in terms of the discrete orthogonal polynomials @, (z)

oo

P=Y ha(t)Qu(x). (5.4)

n=0
According to (1.27), the functions of time h,,(t) satisfy the ordinary differential equations
B + Anhp =0 (5.5)
which admits the general solution, for ¢t < T,
B (t) = 2, e (T=Y), (5.6)

The coefficients z,, are given by the final time condition (5.3):

S 20Qu(@) = 3z — ). (5.7)
n=0

Hence, multiplying on both sides by Q.,(z) and the weight w(z), before summing over
the lattice Ay, leads to the result (1.35) by the orthogonality property (1.23).

The Laplace transform Lp_(z, 1) satisfies this time a finite difference version of the
Backward Kolmogorov equation

%%-D@pﬁL+UX@—B@DVﬂﬁ“%L (5:8)

with the same final time condition
tlirr% Lr_+(x,9) = q(x). (5.9)

Consider the ansatz for the Laplace transform

L=V(z)L. (5.10)
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The latter finite difference equation reads

oL Vix+1) - - V(ir—-1) -
i B(a:)i/(:)) L(z+1)+ (B(z) + D(z) — ¥¢) L(x) — D(x)i/(z)) Liz—1)=0
D B(z)+D(x) —
B(x) D(z)
(5.11)
B(x) and D(x) are defined such that they satisfy the relations
Vix) _ B(x —1) _ D(x) (5.12)

V(zx—1) B(x—1) D(x)

Viz)=]] D) (5.13)

w1 D)
The function ¢(z) is specified as follows:
8(z) = 5(B@) + D(x) - B(x) - D). (5.14)

But ¢(z), B(z), D(x) are all by definition independent of the parameter 1}, so we are
bound to set ©¥ = 1. This choice yields the following finite difference equation for the

function L: -

oL - . _ _ _

e D(z)A'L + (D(z) — B(z))VLL = 0. (5.15)
A general solution to this equation is given by the following eigenfunction expansion in

terms of discrete orthogonal polynomials:

N
L= hn(t)Qn(). (5.16)
n=0
The functions of time h,,(t) satisfy the ordinary differential equations
By + Ap by = 0 (5.17)
which admits the general solution
o (t) = 2, (770 (5.18)

where the z, are constants. The latter equation for h,(¢) with the explicit form of V(x)
in (5.13) and the expression of L in (5.16) yields the expression (1.38) for the Laplace
transform.

The coefficients z, are given by the final time condition (5.9):

T N
k=1 n=0

Finally, multiplying on both sides by @,,(z) and the weight w(z), before summing over
An, gives the final result (1.39) by orthogonality of the polynomials and concludes the
proof of Theorem 3.
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5.2. The Meizner process

The Meixner polynomials provide a discrete lattice approximation to the Laguerre poly-
nomials.

Definition 14. The Meixner polynomials are defined as follows in case x is integer:

-n,—x

Mn(l';ﬂ,C):QF1< /8

1
1—c>, n=0,12,... (5.20)

The Meixner polynomials satisfy an orthogonality relation with respect to the discrete
measure supported on Z,. Namely,

= ¢ "n!
;) Mm(x;ﬂa C) Mn(x;ﬁa C) w(x) = ménm (521)
where the weight is
w(x) = %CT (5.22)

The Meixner polynomials are solutions to the eigenvalue problem (1.27) with generator

2

L= % z A+ (a —bx) VY, (5.23)
for x € Z, with a,b > 0 and eigenvalues \,, = —bn. The latter can be recast in the form
(1.34) using the functions

2
B(x) = ~F-c(a + )
o2
D(z) = —5 (5.24)

for a = %ﬂ and b = %2(1 — ¢). The parameters are conditioned to 8 >0 and 0 < ¢ < 1
which insures the Markov property. The Meixner process is the discrete Markov process
generated by L. It is a discrete version of the CIR process.

The following statement is a corollary to Theorem 3.

Corollary 8. Assume that £ and L are reducible in the sense of Definition 3 to the
Meizner polynomials. Assume also that the function ¢(z) is given by ¢(z) = ox + ¢,

o=F (e =D+ (P =1)) , (=Pl 1) (5.25)

with the real parameter ¢ < —%ln c. Then the transitional probability density for the
Meixner process is as follows:

— e(T=t)(e=1)yz+y Y
s (e ) (B)ye
pT_t(l'7y) - (1 C) (1 _ Ce(T—t)(C—l))x"ry‘i‘ﬁ y,

o e(Tft)(cfl) 1—¢ 2
F( ~ -7\

(1 = T-D(c=1))2
For q(z) = exp (wé(x)), the Laplace transform is affine:

(5.26)

LT,t(:L‘, 1, w) — em(T—t;w)x-{-n(T—t;w)_ (5.27)
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The functions of time m(t;w) and n(T;w) are as follows:

1 — ceowte _ o(@=1e P11 _ cow—¢p
m(7;w) = log (e‘” ce € ( € )

1 — ceow+e — 5@(6—1)6“"T(1 — eow—¢)

%wc(lfe“”) 1 — cete — 56(671)6_%—(1 - egw<p)>

n(t;w) = —Glog (e T3

where € = ce3?.

Proof. The transitional probability density follows from equation (1.35) in the discrete
classification theorem. The definition of ¢(z) suggests that we set B(r) = B(z)e¥ and
D(x) = D(x)e™* in order to satisfy condition (1.37) in Theorem 3. The generator defined
by B(x) and D(z) has eigenfunctions M, (z; 3,¢) with eigenvalues \,, = %26_*"71(6 -1).
Now from (1.39), we have

2n = (5)n5n7§'1 -¢)f Z ew@) =T N (238, €) (5:)5506
! s !

— ew( 1-¢ g (6)nén 1—eo™% " )
1 — ceow—v¥ n! 1 — ceow—¥
The Laplace transform, given by (1.38), is as follows:

= B
1-— "
Lr_i(z,1,w) = (c) e ef”

1 — ceew—v¥

00 . W2 _ 1 — ew—%¥ "
5 (B)n (cef(cne “(Tt)e) M, (z; 3,¢)

n! 1 — ceew—¢
n=0

( 22 pe(1—e?) L — ce®T? —g(1 — eﬁ’“_‘”)eg(é_l)ew(T‘t) ) -
=|e
1—-¢

v 1— CBQWJMD _ (1 _ egwfgp)e”—;(éfl)e""(Tft) r
- |e
1 — ceowte — 5(1 — eaw—v)e%F (E=De #(T~1)
Note that the re-summation formula used to find the last two results is the generat-

ing function for the Meixner polynomials which can be found in [20]. Also notice that
M, (x; 8,¢) = M,(n; 3,¢) by definition.

5.3. The Racah Process

Definition 15. The Racah polynomials R,(\(z)) := R,(\(x);«, 5,7,d) are defined as
follows:

—n,n+a+pf+1,—z,x+v+5+1

}%Q@ﬁmﬂﬂﬁ):d%( a+1,8+84+1,y+1

lo,n:QLZHWN

(5.28)
where A(z) = xz(x+~v+0+1) and eithera = —-N—-1orf+6=—-N—-1o0ory=-N-—1.

The Racah polynomials satisfy an orthogonality relation with respect to the discrete
measure supported on the set Ay. Namely,

3" Ru(M@)Ru(Ma))w(@) = d26,m (5.29)

TEAN
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where the weight is

(@+1)(B4+0+1)o(y+1)a(y+5+1)o((y+0+3)/2),

(ma+7+5+1Do(=B+7+Dua((y+0+1)/2)0(6 + 1)y!
(5.30)

w(z) == w(z;a,6,7,0) =

and the normalization factor is

o _ay mtatBtDn(etB—y+ (e =0+ Dn(B+ 1nn!
dp =M (@t B+ 2)am(a+ Dn(B+0+ n(y + 1) (531
with
(=B)N(y+0+2)Nn St
Pty iDy0 )y re= Nl
M= SOOI HIEIN 5 Ny

(—a+y+o+ )N+ 1)N
(04+6+2)N(—5)N

(a—=d+1DN(B+1)N

The Racah polynomials are solutions to the eigenvalue problem (1.27) with generator
(1.34) given by the functions

if y=-N—-1.

c?t+a+)(z+B+5+1)(z+y+1)(z+y+5+1)
2 e4+~v+0+1)2z+v+5+2)

o’ z(@ —a+y+0)(x—B+7)(z+9)

2 2z +y+0)2c+y+0+1)

B(x) =

)

D(z) =

; (5.32)

and eigenvalues \,, = —%zn(n +a+ G+ 1). The Markov property is insured if B(z) <0
and D(z) < 0, Vz € Ayn. The process generated by the latter generator is called the
Racah process. Also define the corresponding functions

o @tat+ )@+ B+0+ )@ +7+DE+7+0+1)
2 2z 4+F+5+1)(22+5+5+2)
o?z(z—a+3+8)(r—B+7)(x+9)

D) = m vt 45+ 1) (5.33)

)

for &, 3,7,0 € R.

Definition 16. The set of parameters {&, 3,7, } will be called acceptable with respect to
{a,B,7,8} if it satisfies condition (1.37) in Theorem 3, i.e. if B(x — 1)D(z) = B(z —
1)D(z), and if B(z) <0 and D(z) <0, Vo € Ayn.

The following statement is a corollary to Theorem 3.

Corollary 9. Assume that £ and L are reducible in the sense of Definition 3 to Racah
polynomials. Assume also that for an acceptable set of parameters {a, 3,7,0}:

¢(z) = B(x) + D(z) — B(x) — D(x). (5.34)
Then the transitional probability density for the Racah process is given by
N e—%n(n-ﬁ-a-&-ﬁ-{-l)(T—t)

prt(xvy) = Z d2

n=0

R (A(2)) R (Ay))w(y). (5.35)
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while the Laplace transform is given by the following convergent series:

D) N~ e nrat BTt 357
Ly_y(z,1) :kli[lw Z;Je 2o Ry(N2); @, 3,7,0). (5.36)

The coefficients z, are as follows:
D(k) - I
=z Y H—D = 4(@) Ra(A(2): &, 5,9, 6)(x) (5.37)

where d, = d, (@&, 3,7,6), w(z) = w(z; &, B,7,0) and M(z) = Mz;7,0).

Proof. The restrictions imposed on the set of parameters {a, 3,7,d} ensures that con-
dition (1.37) in Theorem 3 is satisfied. This is a necessary condition. The rest of the
corollary is a direct application of Theorem 3.

5.4. The Dual Hahn Process

Definition 17. The dual Hahn polynomials R, (A(z)) := R, (A(z);v,d, N) are defined as
follows:

-n,—zr,r+y+d+1
Rn()\(z);fy,§,N)3F2< 7+1,1N ’1) n=0,1,2,...,N (5.38)

where AM(z) =x(zx+~v+d+1).

For v > —1 and § > —1 or for v < —N and § < —N, the dual Hahn polynomials
satisfy an orthogonality relation with respect to the discrete measure supported on the
set Ay. Namely,

S RnA@) Ru(A@)0() = d25m (5.39)

TEAN

where the weight is

2r+v+d+1)(y+1)x(=N),N!

= 17,0, N) = 5.40
w@) = w(@:0N) = e T 1o £ a0+ Doal (5.40)
and the normalization factor is
1
dz (5.41)

n vy+n\ [(6+N-—n\"
n N —n
The dual Hahn polynomials are solutions to the eigenvalue problem (1.27) with generator

(1.34) given by the functions

o2 (x+y+1)(x+y+0+1)(N —z)

B(x) = —— ,
@) == vty 4or)rt+072)
0+ N+1 )
D(x) = — o x(x+y+06+N+1)(z+96) (5.42)
2 e +7+0)2c+y+6+1)
and eigenvalues \,, = —%2n. The discrete Markov process generated by the latter gener-

ator is called the dual Hahn process.
The following statement is another corollary to Theorem 3.
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Corollary 10. Assume that £ and L are reducible in the sense of Definition 3 to dual
Hahn polynomials. Let 6 >y > —1 or § <~y < —N such that:

o? z(x+v+0+N+1) (x+~v+0+1)(N —2x)
$(x) = (6 -7) -
2 Cx+v+0)Rr+~v+d+1) (Rr+v+d+1)2zx+v+5+2)
(5.43)
Then the transitional probability density for the dual Hahn process is given by
N —n(T-1)
proalay) = 30 S Ru(A@) Ra (A0)() (5.44)
n=0 n
while the Laplace transform can be expressed as the following convergent series:
Lr_+(z,1) Z e~ n(T- ) 2n Rn(A(x); 6,7, N). (5.45)
The coefficients z, are as follows:
D)) O e (o) Ru(A@): 6,7 Nywla: 5.7, N) (5.46)
d2 5_’_ 1 ) 9 ) ) ) )
where dp, = dp, (8,7, N).
Proof. For 4 = § and 6 =+, define the functions
Bla) = @i+ )@+ + o+ DN —a)
2 2z+7+0+1D)2x+5+0+2)
- 2 y+46+N+1 5
D(x):_ix(x+7+5+ +1)(x +0) (5.47)

2 20 +7+8)2z+7+5+1)

The corollary then follows from Theorem 3.
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6. Limit relations

Limit relations between orthogonal polynomials are well-known, see [20] and [26]. In
this section, we show that the transitional probability densities and Laplace transforms
obtained from the various corollaries of Theorems 2 and 3 are similarly connected to
each other. We start by rigorously stating the relation between the Jacobi process and
its dual.

Proposition 5. The dual Jacobi process is obtained from the Jacobi process with the
change of variable transformation

Z(x)=x(2—x) (6.1)

applied to the underlying process X;. The same holds for its transitional probability den-
sity and Laplace transform.

For the discrete X; process, the limit relation between the Racah process and the
dual Hahn process is not as obvious.

Proposition 6. The Racah process converges to the dual Hahn process in three different
ways, corresponding to the three families of Racah polynomials:

1. « = —N —1 with the acceptable set of parameters {—N —1,3+5—7,d,~v}, conditioned
to either

B=~v+N B>-6-1
§>y>-1 % \6<~y<-N

in the limit as § — oo.
2. =—0— N —1 with the acceptable set {a,—y — N —1,6,~}, conditioned to either

a>v+0+N or a>—1
d>v>-—1 0<y<—=N

in the limit as a — 0.
3.7 = =N — 1 with the acceptable set {—a+0 — N —1,38,—N — 1,0}, conditioned to

either
a>—1 a<—N
g=-1 or B>-6-1 ;
0>2a+N+1 0<2a+N+1

with first the mapping 6 — 6 + o+ N + 1 and then the limit § — oco. The dual Hahn
parameters are in this third case («,9).

The result extends to the transitional probability densities and Laplace transforms.

The next proposition states that the Meixner process converges to the CIR process
in the affine case.

Proposition 7. Under the transformations o — o(1 —¢) and x — in the Meixner

process, the limit ¢ — 1 yields the CIR process with parameter o = 3 — 1. The Laplace
transform is affine in this case.



38 Claudio Albanese, Stephan Lawi

Proof. The proof follows from the limit relation

) L ()

lim M, <$;a+ Le)=——
c—1 Lna (O)

1—c¢

Both the transitional probability density and the Laplace transform in the Meixner case
then converge to the affine CIR case, since

. x
£E¢<1c> =erte

The last proposition demonstrates the connection between a discrete and a continuous
underlying process X; by showing that the dual Jacobi process is actually a limiting case
of the Racah process.

Proposition 8. Consider the acceptable set of parameters {a, 3,7,3} where

B=-B-6-N—-1
y=-N-—1. (6.2)

Assume furthermore the inequalities:

a>—1
B3>0 > —1
v > 6. (6.3)

Then, applying the transformation x — xN to the Racah process such that x € [0,1],
yields the dual Jacobi process in the limit N — oo for the special case of @ = a and
B > |B|. This result applies to both the transitional probability density and the Laplace
transform.

Proof. The inequalities in the assumption insure that the process X; satisfies the Markov
property, as both B(z) and D(x) are negative for z € Ay. Since on top of @ = «, 7 =
7,6 =6, we have —3+~=3+6 and B+ 6 = —f + 7, it is immediate that {«,3,7,0}
is acceptable. The function ¢(z) reduces to

¢(w)—02(ﬁ—6)[ zz—a+y+d)@+d)  (@ta+@+y+h@+y+d+1)
2 e +y+6)2cx+v+5+1) (21:+’y—|—5—|—1)(23:—|—’y+5—|—(2)
6.4
or equivalently,
_12 7 r(x—2N—-a—-B-B-2)(z—N-3-p5-1)
#(z) =5 (B=6) {(2x—2N—ﬁ—6—2)(2x—2N—6—ﬂ—1)

7(x+a+1)(%—N)(x—2N—B—@—1) (6.5)
(2 —2N —-B3—-p3-1)2z—-2N -3-03)|" '

#(z) is bounded from below, from the inequality 3 > 3 > —1 and is even monotonously
increasing. Thus the assumptions of Corollary 9 are satisfied. So we have defined a proper
Racah process with a Laplace transform that can be expressed as a convergent series over
the Racah polynomials. With the transformation  — Nz, the function ¢(Nx) converges,
in the limit N — oo, to its continuous counterpart of Corollary 7 for ¢ = 1.
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Moreover, the finite difference infinitesimal generator £ in (1.34) converges to the
dual Jacobi diffusion generator in (4.49), under the transformation z — Nz:

— D(Nz)A"™ + (D(Nz)— B(Nz))V% (6.6)
22+ 1)1 -2 - 28+ 1)z(2—2) & o?z(2—2x) 0?
3 11— ) 9z 2 4 o2

in the limit »h = 1/N — 0.
Furthermore, the Racah polynomials, solutions to the finite difference equation gen-

erated by (1.34), converge to the dual Jacobi polynomials up to some factor %,
a n
since
7 —n,n+a+pB+1,-Nz,Nt —2N -1 -3-3 1
453 a+1,—-3—N,-N
—n,n+a+p+1
R ( e aj‘_l g ‘Z(x)) (6.7)
as N — oo, with Z(z) = (2 — ). We also have as N — o0,
Nz Nz > >
D(k) B-p ( “B-p ) 3-8
—_— = 14 = — ex —dy )| =(1-x . (6.8
kE[lD(k) kl:{( Nl-%)+8+1 P 0 1—yy (1-2) (©68)

Finally, from all the above limit relations, the Laplace transform for the integral of the
Racah process, given by (5.36) with the appropriate assumptions, provides an extension
with underlying process X; on the lattice to the Laplace transform (4.53) for the integral
of the dual Jacobi process in the particular case @ = a, § > |B| and 8 > —1.

7. Conclusion

We have given a complete classification scheme for diffusion processes for which Laplace
transforms for integrals of stochastic processes and transitional probability densities can
be expressed as integrals of hypergeometric functions against the spectral measure for
certain self-adjoint operators. The known models such as the Ornstein-Uhlenbeck process,
the CIR process and the geometric Brownian motion fit into this classification scheme. We
have also presented extensions to these models in the quadratic Ornstein-Uhlenbeck pro-
cess and the Jacobi process. An extension of the framework towards finite-state Markov
processes related to hypergeometric polynomials in the discrete series of the Askey clas-
sification tree has been derived. Finally, we have explicitly computed some limit relations
between discrete and continuous processes.
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