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example of Bermuda swaptions.
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1 Introduction

Let (rt)t≥0 be a stationary Markov process. The (discounted)generating functionof the process(rt)
is defined as

G(τ, r0, α) = E
(
eαrτ−

∫ τ
0 rsds

∣∣r0

)
, (1.1)
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pore, whose hospitality is gratefully acknowledged. The authors were supported in part by the National Science and Engineer-
ing Council of Canada under grant RGPIN-171149 and by the Ontario Council of Graduate Studies. This work was presented
at ETH Zurich, USI Lugano, King’s College London and at the National University of Singapore. We thank the participants for
discussions. Special thanks go to Stephan Lawi and Ken Jackson. Finally, we are grateful to the referee for his many helpful
comments. Remaining errors are our own.
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whereτ ≥ 0 andα ∈ C. The process(rt) is calledaffineif there exist deterministic functionsm(t, α)
andn(t, α) such that for allr, α andt ≥ 0

G(τ, r, α) = em(τ,α)r+n(τ,α), (1.2)

or, in other words, that the logarithm of generating functions is affine inr.
Affine processes play a central role in several classes of derivative models, ranging from interest

rate to stochastic volatility and credit models. The success of affine processes is due to their analytical
tractability and to the fact that they capture certain key statistical properties of processes such as those
for short term interest rates and asset price volatility. The archetypical affine models are based on
diffusion processes and are described by stochastic differential equations of the form

drt = (a− brt)dt + σrβ
t dW (1.3)

wherea, b, σ are constants andβ equals either 0 or12 . The caseβ = 0 corresponds to the Vasiček
(Gaussian Ornstein-Uhlenbeck) process [6] and the caseβ = 1

2 corresponds to the Cox-Ingersoll-
Ross (CIR) process [7]. It has been shown in [8] and [9] that any affine process which is a time-
homogenous, nonnegative diffusion is necessarily of the CIR type. However, there are also affine
processes with jumps. As discussed in the Finance literature in [10], general non-negative affine pro-
cesses correspond to the so called conservative CBI-processes (continuous state branching processes
with immigration) and have been well studied, among others, by Kawazu and Watanabe in [11].

Empirical analysis based on affine interest-rate models include [12], [13], [14], [15], while the
paper [16] extends the analysis to foreign exchange rates. Statistical methods developed specifically
for the analysis of time-series data from affine models have been based on the approximation of
the likelihood function [17] or on spectral properties, making use of the easily calculated complex
moments of affine processes [18].

Affine diffusion models allow one to price in analytically closed form not only bonds, but also Eu-
ropean style interest rate derivatives such as caplets and swaptions. However, to price path dependent
claims including for instance barriers and optimal exercise features, one has to resort to numerical
methods, either based on lattice discretizations or on Monte Carlo simulations. A class of binomial
lattice models was proposed by Hull and White in [19], [20], see also [2]. These lattice models are
characterized by a fixed set of time dates at which lattice nodes are placed and can be calibrated in
such a way to achieve consistency with the initial term structure of interest rates at the nodes. These
models admit a continuous limit corresponding to a version of the Vasiček with time dependent co-
efficients and are known as the Hull-White (HW) model. Monte Carlo methods are discussed by
Longstaff and Schwarz in [4], and apply to multifactor models such as the market LIBOR models of
Brace, Gatarek and Musiela [1] and Jamshidian [3].

In this article we introduce a new class of lattice models that admit the CIR and HW model as con-
tinuous limits. The key idea is to approximate the corresponding affine diffusion process by means
of a discrete birth and death process, which is also affine. Our lattice models have the advantage of
being defined in continuous time and of being analytically tractable to the same extent as their con-
tinuous limits are. This implies that, in the calibration stage, one can match the initial term structure
of interest rates or implied volatilities at all dates in the future. In the valuation stage instead, one
has the flexibility of setting the lattice nodes at the time dates which are most appropriate to the given
payoff at hand without changing the model. Figure1 illustrates the concept. Of central importance is
the ability to analytically compute the following node-to-node discounted transition probabilities in a
discrete state Markov process:

q(τ, r0, r1) ≡ E0

[
δ(rτ − r1)e−

∫ τ
0 rsds

∣∣r0

]
. (1.4)

Since the underlying process is defined in continuous time, for all sequences of datest0 < t1 < · · · <
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Figure 1: Lattice geometry

tn we have that discounted transition probabilities satisfy the Chapman-Kolmogorov equation:

q(tn − t0, r0, rn) ≡
∑

r1,...,rn−1

q(t1 − t0, r0, r1) . . . q(tn − tn−1, rn−1, rn). (1.5)

Notice that in our approach European style payouts can be priced with lattices involving only nodes
at the maturity date. As an example, below we discuss in detail the case of Bermuda swaptions with
three opportunities to exercise prior to maturity; this case corresponds to the lattice sketched in Figure
1; notice that nodes are required only at the exercise and maturity dates.

The paper is organized as follows. In Section 2, we define affine discrete birth-and death approx-
imations for the CIR and HW processes. We also define and compute generating functions which,
by inverting a Fourier series as discussed in Section 3, allows one to compute node-to-node transition
probabilities. In Section 4, we discuss how to match the initial term structure of interest rates and,
in Section 5, we give a step by step description of the construction of a lattice model for Bermuda
swaptions.

2 Generating Functions

In this section we define the continuous time, discrete space birth-and-death approximations for the
CIR and HW processes and compute the corresponding generating and characteristic functions. Here
and throughout the article we assume that the process(rt) which represents the instantaneous interest
rate is a stationary Markov process and denote withL the corresponding generator.

We will remind that the (discounted) generating function of the process(rt) was defined (see
equation (1.1) as:

G(τ, r, α) = E
[
eαrτ−

∫ τ
0 rsds

∣∣r0 = r
]
, (2.1)
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where t ≥ 0 and α ∈ C. Since the process(rt) is stationary we could equivalently define the
generating function as follows

G(τ, r, α) = E
[
eαrT−

∫ T
t

rsds
∣∣rt = r

]
, (2.2)

whereτ = T − t. Thecharacteristic functionF (t, r, α) of the process(rt) is defined as follows:

F (t, r, α) = E
[
eiαrt

∣∣r0

]
. (2.3)

In the particular caseα = 0, the generating function reduces to thediscount function:

B(t, T ) = G(T − t, rt, 0) = E
[
e−

∫ T
t

rsds
∣∣rt

]
.

Yieldsyt(T ) are defined as follows:

yt(T ) = − ln(B(t, T ))
T − t

(2.4)

while thecontinuously compounded instantaneous forward rateis given by

ft(T ) = −∂ ln(B(t, T ))
∂T

. (2.5)

The functionG(τ, r, α) can be evaluated by means of the following standard result:

Lemma 2.1. LetL be the Markov generator of the process(rt). The generating functionG(τ, r, α)
solves the following evolution equation:

− ∂G

∂τ
+ LG = rG (2.6)

with initial conditionG(0, r, α) = eαr.

Proof. Let 0 ≤ t < T andτ = T − t. Using equation (2.1), the generating function can be written as
follows:

G(τ, rt, α) = e
∫ t
0 rsdsE

[
eαrT−

∫ T
0 rsds

∣∣rt

]
. (2.7)

Let’s define the function

g(t, T, r, α) = E
[
eαrT−

∫ T
0 rsds

∣∣rt = r
]
. (2.8)

Since the processXt = g(t, T, rt, α) is a martingale fort ≤ T , the functiong solves the following
equation:

∂g

∂t
+ Lg = 0. (2.9)

Using equation (2.8) we can express the processXt = g(t, T, rt, α) as follows:

g(t, T, rt, α) = e−
∫ t
0 rsdsG(T − t, rt, α). (2.10)

Inserting expression (2.10) into equation (2.21) leads to the equation (2.6) for G.

4



Recall that the process(rt) is defined as beingaffine if the logarithm of its generating function
is an affine function of the short rater (see equation (1.2). Well known examples of affine short rate
dynamics are given by the Ornstein-Uhlenbeck and the CIR processes. The corresponding Markov
generators are of the form

L = (a− br)∇+
1
2
σ2r2β∆. (2.11)

The caseβ = 0 corresponds to the Ornstein-Uhlenbeck process whileβ = 1
2 corresponds to the CIR

case. Here∇ = ∂
∂r and∆ = ∂2

∂r2 . The discrete versions of these processes are given by the Markov
generator

Lh = (a− br)∇h
+ +

1
2
σ2r2β∆h (2.12)

whereβ ∈ {0, 1
2}, b, h > 0. In this case, the short rater is restricted to take values in the grid

Λ(h, D) = hZ ∩D (2.13)

where the domainD equalsR in caseβ = 0, while D = R+ if β = 1
2 . The operators∇h

+ and∆h are
finite difference approximations to∇ and∆ and are defined as follows:

∇h
+f(x) =

1
h

(f(x + h)− f(x)); ∆hf(x) =
1
h2

(f(x + h) + f(x− h)− 2f(x)). (2.14)

We refer to the process withβ = 0 as to the Charlier process and denote it byCHA(a, b, σ;h),
while the process forβ = 1

2 will be called the Meixner process and will be denoted by
MEI(a, b, σ;h). This terminology refers to the fact that the eigenfunctions of the corresponding
Markov generators are given by the Charlier and Meixner polynomials, see [5]. (Notice though that,
for the specific purposes of this article, knowledge of the eigenfunctions is not required.) Since in the
limit ash → 0 the one parameter family of Markov generatorsLh converges to the generatorL, given
by equation (2.11), the Charlier and Meixner processes can be regarded as the lattice approximations
for the Ornstein-Uhlenbeck processOU(a, b, σ) and of the CIR processCIR(a, b, σ), respectively.

The Meixner and Charlier are sometimes called (discrete) birth and death processes. Birth and
death processes behave very much like diffusion processes, the main similarity being that transitions
from statei to statej > i only occur if the process takes up all the intermediate valuesi + 1, i +
2, . . . , j − 1 betweeni andj. The following is the main theorem in this article and shows that both
the Meixner and Charlier interest rate processes are affine and analytically solvable, by explicitly
evaluating the functionsm(t, α) andn(t, α):

Theorem 2.2. In the two casesβ = 0 andβ = 1
2 , the short-rate model with generator (2.12) is affine

for all values of the parameters.

(i) If β = 0 (i.e. (rt) is a Charlier process) the functionsm andn are given by the following formulas:
m(t, α) = α− 1

h log[1 + (1− e−(b−h)t)( b
b−hehα − 1)]

n(t, α) = σ2+2ah
2h2b

(
log[1 + (1− e−(b−h)t)( b

b−hehα − 1)]− th
)

+

+ σ2

2h2(b−h)

(
(1− e−(b−h)t)(e−hα − b

b−h ) + th
) (2.15)

(ii) If β = 1
2 (i.e (rt) is a Meixner process) the functionsm andn are given by the following formulas:m(t, α) = 1

h log
[
1 + M1 − γ

η +
ehα−1−M1+

γ
η

1+ η
γ (1−eγt)(ehα−1−M1)

]
n(t, α) = a

h

(
M1t− 1

η log
[
1 + η

γ (1− eγt)(ehα − 1−M1)
]) (2.16)

whereη = σ2

2h − b , γ =
√

(b + h)2 + 4hη and M1 = b+h+γ
2η .
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Proof. By using (1.2) as an ansatz to solve the equation for the discount factor (2.6), we find

− ṁr − ṅ + (a− br)
1
h

(ehm − 1) +
1
2
σ2r2β 1

h2
(ehm + e−hm − 2) = r. (2.17)

In caseβ = 0, this equation splits into the two differential equations{
ṁ = −b 1

h (ehm − 1)− 1
ṅ = a 1

h (ehm − 1) + 1
2σ2 1

h2 (ehm + e−hm − 2),
(2.18)

while if β = 1
2 we find the following system:{

ṁ = −b 1
h (ehm − 1)− 1 + 1

2σ2 1
h2 (ehm + e−hm − 2)

ṅ = a 1
h (ehm − 1).

(2.19)

In either case, the initial conditions arem(0, α) = α, n(0, α) = 0.
We will illustrate how to solve these equation on the example of Meixner process (the case of

Charlier process can be treated similarly). Let’s introduce the new functionM(t, α) = ehm(t,α) − 1.
By multiplying the first equation in the system (2.19) by hehm, we arrive at

Ṁ = hehmṁ = −b(e2hm − ehm)− hehm +
1
2

σ2

h
(e2hm − 2ehm + 1) (2.20)

= ηM2 − (b + h)M − h,

where we denoteη = σ2

2h −b. The initial condition isM(0, α) = ehα−1. Equation (2.20) is a Riccati
equation and can be solved explicitly:

M(t, α) =
M1 −M2e

γt M1−ehα−1
M2−ehα−1

1− eγt M1−ehα−1
M2−ehα−1

, (2.21)

whereγ =
√

(b + h)2 + 4hη andM1,2 = b+h±γ
2η are the roots of the second order polynomial

ηM2 − (b + h)M − h. By simplifying (2.21), we arrive at the expression for the functionm(t, α, λ)
in equation (2.16). Having found the functionM(t, α), the functionn can be computed using second
equation in the system (2.19) as the following integral

n(t, α) =
a

h

t∫
0

M(s, α)ds.

Corollary 2.3. In the two casesβ = 0 andβ = 1
2 , the characteristic functionF (t, r, α) of the process

can be computed analytically and is given by the following expression:

F (t, r, α) = em̄(t,α)r+n̄(t,α) (2.22)

where the functions̄m(t, α) andn̄(t, α) are given as follows:

(i) if β = 0 (i.e (rt) is a Charlier process), then{
m̄(t, α) = iα− 1

h log[1 + (1− e−bt)(eihα − 1)]
n̄(t, α) = σ2

2bh2 ((1 + 2ah
σ2 ) log[1 + (1− e−bt)(eihα − 1)] + (1− e−bt)(e−ihα − 1))

(2.23)

(ii) if β = 1
2 (i.e (rt) is a Meixner process), then

m̄(t, α) = − 1
h log

[
1 +

2bh
σ2 (1−e−ihα)e−bt

(1−e−ihα)(1−e−bt)− 2bh
σ2

]
n̄(t, α) =

2a
σ2

2bh
σ2 −1

log
[
1 + (eihα − 1)(1− e−bt)(1− σ2

2bh )
] (2.24)

6



3 Computing discounted transition probabilities by Fourier
methods

Let (rt) be a stationary Markov process on the latticeΛ(h, R+) with generatorLh given by the
equation in (2.12).

Definition 3.1. Let 0 ≤ t0 ≤ t1 andt = t1 − t0. Thetransition probabilitiesfor (rt) are defined as
follows:

pjk(t) = P [rt1 = kh|rt0 = jh] = E [δ(rt1 − kh)|rt0 = jh] , (3.1)

Hereδ(r) is the function such thatδ(r) = 1 if r = 0, while otherwiseδ(r) = 0. Thediscounted
transition probabilitiesqjk(t) are defined as the following expectations:

qjk(t) = E
[
δ(rt1 − kh)e−

∫ t1
t0

rsds
∣∣rt0 = jh

]
(3.2)

By means of these functions, one can express discounted expectations as follows:

E
[
f(rT )e−

∫ T
t0

rsds∣∣rt0 = jh
]

= E

[∑
k

f(kh)δ(rT − kh)e−
∫ T

t0
rsds∣∣rt0 = jh

]
=

=
∑
k

f(kh)E
[
δ(rT − kh)e−

∫ T
t0

rsds∣∣rt0 = jh
]

=
∑
k

f(kh)qjk(T − t0). (3.3)

Theorem 3.2. Discounted transition probabilitiesqjk(t) can be can be evaluated as the following
inverse Fourier transform:

qjk(t) =

1∫
0

e−2πiωkG
(
t, jh, 2πi

ω

h

)
dω. (3.4)

Proof. The definition of generating function can be recast as follows:

G(t, jh, α) =
∞∑

l=0

qjl(t)eαlh. (3.5)

The integral on the right side of equation (3.4) equals:

1∫
0

e−2πiωk
∞∑

l=0

qjl(t)e2πiωldω =
∞∑

l=0

qjl(t)

1∫
0

e−2πiωke2πiωldω = qjk(t) (3.6)

since
1∫

0

e−2πiωke2πiωldω = δ(l − k.) (3.7)

Corollary 3.3. The transition probabilitiespjk(t) can be evaluated as the following inverse Fourier
transform:

pjk(t) =

1∫
0

e−2πiωkF
(
t, jh, 2π

ω

h

)
dω. (3.8)
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4 Matching the term structure of interest rates

4.1 The Charlier case

The Hull-White dynamics for interest rates can be described as follows:

rt = φ(t) + xt (4.1)

wherext is OU(0, b, σ). We consider here the discrete version of the Hull-White model, where the
processxt is replaced by Charlier processCha(0, b, σ;h).

Definition 4.1. Bond prices are defined as follows:

B(t, T ) = E
[
e−

∫ T
t

rsds
∣∣rt

]
(4.2)

wherert = φ(t) + xt andxt is CHA(0, b, σ;h).

Notice that thanks to theorem2.2, the processB(t, T ) is given by

B(t, T ) = e−
∫ T

t
φ(s)dsE

[
e−

∫ T
t

xsds
∣∣rt

]
= e−

∫ T
t

φ(s)dsG(T − t, xt, 0) =

= e−
∫ T

t
φ(s)ds+m(T−t,0)xt+n(T−t,0) (4.3)

where the functionsm andn are given by equation (2.15). The continuously compounded instanta-
neous forward rate is given by

ft(T ) = −∂ ln(B(t, T ))
∂T

= φ(T )− ṁ(T − t, 0)xt − ṅ(T − t, 0) (4.4)

for all t < T , and yieldsyt(T ) are

yt(T ) = − ln(B(t, T ))
T − t

=
1

T − t

 T∫
t

φ(s)ds−m(T − t, 0)xt − n(T − t, 0)

 . (4.5)

Notice that the initial yield curvêy(T ) at timet = 0 uniquely identifies the functionφ(s) such that
y0(T ) = ŷ(T ).

4.2 The Meixner case

Let Xt be theMEI(a, b, σ, h). To match the term structure of interest rates in the Meixner case we
make use of a deterministic time change of the forms = s(t) wheres(t) is a monotonously increasing
function withs(0) = 0 and inverse functiont(s). Let S > 0 be a fixed maturity and letT = t(S).
The interest rate process is defined as follows:

rs = xt(s)
dt

ds
(4.6)

and the discount function under the new time coordinates is given by

B(s, S) = E
[
e−

∫ S
s

rsds
∣∣rs

]
= E

[
e
−

∫ s(T )
s(t) xt(s)

dt
ds ds∣∣xt

]
= Et

[
e−

∫ T
t

xudu
∣∣xt

]
. (4.7)

Sincext is a Meixner process, the discount functionB(s, S) can be computed explicitly as described
in theorem (2.2). The yield curve is given by

ys(S) = −
m(t(S)− t(s), 0)Xt(s) + n(t(S)− t(s), 0)

S − s
. (4.8)
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If y0(S) is the initial yield curve, the condition specifying the time-change function is

−m(t(S), 0)X0 − n(t(S), 0) = Sŷ0(S). (4.9)

Notice that, in the Meixner case, rates stay positive, i.e.X0 ≥ 0, and the functionsm(t, 0) andn(t, 0)
are decreasing int for all choices of the parameters. Since−m(T, 0)X0 − n(T, 0) is also increasing
in T , for each maturityS there exists one and only one valueT = t(S) satisfying equation (4.9) and
the time change functiont(s) is also monotonously increasing.

5 Example: Pricing Bermuda swaptions

In this section, we describe in detail how to construct lattice approximations for the HW and CIR
models in the particular case of Bermuda swaptions. As an example, we consider a swaption struck
at the rateK = 7%, maturing in 5 years and early exercise possible on the following dates:t1 =
3.5y, t2 = 4y, t3 = 4.5y, t4 = 5y. If exercised at timet, the payoff function for the swaption is the
present value of the underlying swap of rateK and unit nominal, i.e.

PVt = PV (rt, t) = (Zt(Tm)− Zt(T0)) +
1
2

m∑
l=1

KZt(Tl) (5.1)

whereT0, T1, ...Tm are the cash-flow dates for the underlying swap. In our example, we chosem = 10
andT0, T1, . . . , Tm = (5.5, 6, . . . , 10.5).

We make use of the following parameters for the short rate process:

(i) in the case of the Charlier process, we seta = 0.005, b = 0.1, σ = 0.013, h = a
50b .

(ii) in the case of the Meixner process, we seta = 0.05, b = 1, σ = 0.1, h = a
50b .

The risk neutral measureQ corresponds to choosing the money-market processBt = e
∫ t
0 rsds as

numeraire. The present value functionPV (r, t) satisfies the following martingale condition underQ:

PV (jh, t) = E

[
PV (rt+∆t, t + ∆t)

Bt

Bt+∆t

∣∣∣∣ rt = jh

]
=

∑
k

qjk(∆t)PV (kh, t + ∆t) (5.2)

where theqjk are the discounted transition probabilities in (3.2). The error introduced in this relation
by cutting off the lattice is a useful measure to assess the degree of accuracy of the lattice model.

A convenient method to numerically evaluate the matrix of discounted probabilitiesqjk(t) is based
on the Fourier integral in equation (3.4). To assess the impact of the errors arising from the numerical
quadrature, it is useful to measure the discrepancies in the martingale condition in equation (5.2).
Notice that the probabilitiesqjk(t) decrease very rapidly as|k − j| increases. Hence, for each fixed
pair j andt, we can find an interval[k1, k2] such that ifk /∈ [k1, k2] thenqjk(t) is negligibly small
and thus truncate the support of this function. This enables us to pass to a discrete Fourier transform.
Due to the steep decay properties ofqjk(t) as a function ofk, it turns out that the number of points
required to achieve a precision of order10−9 is of the order of a few hundreds and is thus within easy
reach. Below we give a detailed, step-by-step description of this construction.

To avoid arbitrage, we need to ensure that the interest rate processrt stays nonnegative. This is
obvious by construction in the case of the Meixner process, while in the Charlier case (as in the cor-
responding Ornstein-Uhlenbeck case) the interest rate processrt can possibly attain negative values
with positive probability. We thus have to ensure that this probability is negligibly small. This can be
accomplished by restricting the parametersa, b andc as indicated above. Whether this restriction is
too stringent depends obviously on how low the short rate is as compared to implied volatilities; in
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Figure 2: The dependence of the relative error in computing the discounted transition probabilities on
the upper boundaryk2.

a low interest rate environment, the Charlier-Hull-White model may well not be applicable. Assum-
ing that the probability that the short rate takes up negative values is either negligible or rigorously
zero, the discounted probabilitiesqjk(t) are bounded from above by the (undiscounted) transition
probabilities, i.e.pjk(t), that is

qjk(t) ≤ pjk(t). (5.3)

Hence, for each pairj, t, transition probabilitiesqjk(t) can be computed by the following procedure:

• Fix a smallε; in our experiment we setε = 10−9.

• Fix the interval[k1, k2]. In our experiment we use the Meixner process to model the interest rate,
thus we can choosek1 = 0. In order to computek2 we use the closed form expressions for the
transition probabilities (given by formula (A.2)) to approximate the corresponding probabilities
on the lattice. In our experiment we found that to achieve the desired accuracy we can take
k2 = 600. Next, we truncateqjk(t) to the interval[0, k2].

• Compute the discounted transition probabilities using the following formula:

qjk(t) =
1

k2 + 1

k2∑
n=0

G(t, jh, αn)e−2πi nk
k2+1 (5.4)

whereαn = 2πi n
(k2+1)h , n = {0, 1, .., k2}. This formula can be justified as follows: Since

qjk(t) is supported ink ∈ [0, k2] (neglecting the terms of orderε), the definition of the generat-
ing function can be recast as follows:

G(t, jh, αn) =
k2∑

k=0

qjk(t)eαnkh =
k2∑

k=0

qjk(t)e2πi kn
k2+1 (5.5)
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Figure 3: Continuation region and the optimal exercise boundary.

and we see thatG(t, jh, αn) as a function ofn is the discrete Fourier transform ofqjk(t). Thus
qjk(t) can be computed as the inverse discrete Fourier transform ofG(t, jh, αn).

• After the matrix of discounted transition probabilitiesqjk(t) is computed, we verify the martin-
gale condition (5.2): if all the estimates (fork1, k2) are correct, then the error will turn out to
be of orderε.

After one computes with high precision the discounted transition probabilities, one can proceed
to price the Bermuda swaptionPBt = PB(rt, t) by backward induction. Following the standard
principles of stochastic optimization theory, we start with the time of maturityt = t4 and make
our way backwards up until current time. At maturity, the swaption price is given byPB(r) =
(PVt(r, t4) − K)+. To accomplish the first iteration step from timet4 to time t3, for each nodej,
the vector of discounted probabilitiesqjk(t4 − t3) is computed. LetPB(r, t3 + 0) be the discounted
expectation of the option payoff conditioned to no exercise at timet = t3. Our choice of notation
indicates that this price coincides with the price ofPB(rt3+δt, t3 + δt) for δt ↓ 0, i.e.

PB(jh, t3 + 0) =
∑

k

qjk(t4 − t3)PB(kh, t4) (5.6)

By comparison with the payoff in case on chooses to exercise at timet = t3 and choosing the larger
among the two one determines the exercise strategy and the pricing function

PB(jh, t3) = max(PB(jh, t3 + 0), PV (jh, t3)). (5.7)

This procedure is then iterated backwards up until current timet = 0. The optimal exercise time for a
Bermuda swaption is the first timet ∈ {t1, ..t4} such that the value of Bermuda swaptionPBt equals
the value of the swaptionPVt. Since for each fixed timet the price of the Bermuda swaptionPB(r, t)
is monotone in the short rater, theoptimal exercise boundaryr∗t is defined as follows:

r∗tk
= sup{r|PB(r, tk) < PV (r, tk)} (5.8)
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Figure 4: Prices of bermuda swaptions and the optimal exercise boundary.

The optimal stopping timeτ∗ is then

τ∗ = inf{tn : n = 1, . . . 4; rtn
≤ r∗tn

}. (5.9)

The lattice is thus divided into two non-intersecting parts - thecontinuation region, {(t, r) : r > r∗t }
and thestopping region{(t, r) : r ≤ r∗t }. The optimal exercise rule is that exercise occurs at the first
point in time when we reach the stopping region.

Prices of bermuda swaptions fort = 3.5, 4, 4.5, 5 andr = 1% . . . 10%

1% 2% 3% 4% 5% 6% 7% 8% 9% 10%
t = 3.5 110.29 103.60 97.00 90.49 84.05 77.71 71.44 65.26 59.16 53.15
t = 4 98.71 94.40 90.16 85.97 81.85 77.80 73.80 69.86 65.98 62.16

t = 4.5 91.01 88.13 85.30 82.51 79.77 77.07 74.40 71.78 69.20 66.66
t = 5 85.65 83.63 81.65 79.69 77.77 75.87 74.00 72.16 70.35 68.56

Remark5.1. An alternative to using Fourier transforms is to evaluate the generating function at a
sequence of real valuesαn of the parameterα and invert a discrete Laplace transform. This leads to the
problem of inverting the Vandermonde matrixvjn = (xn)j , n, j = 0, 1, ...N wherexn = ehαn . The
reason why we recommend using Fourier series instead, is that our numerical experiments indicate
that if N is chosen sufficiently large, the Vandermonde matrix we obtained was ill-conditioned and
impossible to invert numerically.

6 Concluding Remarks

In this article we introduce a new discretization scheme for a broadly used class of short rate models
based on affine processes. Lattice models constructed in this framework have a direct financial inter-
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pretation and are thus fully consistent. Moreover, they are analytically tractable and lend themselves
to efficient calibration schemes. In our framework, time nodes are defined only at those dates which
are relevant to a specific payoff, while node-to-node transition probabilities are evaluated analytically.
To illustrate the implementation of this class of lattice models, we discuss in full detail the example
of Bermuda swaptions.
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Appendix. Probability densitities for the Ornstein-Uhlenbeck
and the CIR process

In section5, we used the following formulas for probability kernels in order to estimate the cut-off
boundaries:

(i) In the case of the Ornstein-Uhlenbeck process, the transition probability density is given by

pt(x, y) =

√
b

2π sinh(bt)σ2
exp

(
− (b(x− y)e−bt − a(1− e−bt))2

2bσ2 sinh(bt)

)
(A.1)

(ii) In the case of the CIR process, the transition probability density is

pt(x, y) = ct

(
yebt

x

) 1
2 ( 2a

σ2−1)

exp
[
−ct(xe−bt + y)

]
I 2a

σ2−1

(
2ct

√
xye−bt

)
, (A.2)

wherect ≡ −2b/(σ2(e−bt − 1)).

14


	Introduction
	Generating Functions
	Computing discounted transition probabilities by Fourier methods
	Matching the term structure of interest rates
	The Charlier case
	The Meixner case

	Example: Pricing Bermuda swaptions
	Concluding Remarks
	Appendix

