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1 Introduction

Let (r,):>0 be a stationary Markov process. The (discountgterating functiormf the processr;)
is defined as

G(r,ro,a) = F (ean—for ’“Sds‘ro) , (1.1)
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wherer > 0 anda € C. The proces$r;) is calledaffineif there exist deterministic functions (¢, «)
andn(t, &) such that for all-, « andt > 0

G(1,r,a) = emmeIrn(re), 1.2)

or, in other words, that the logarithm of generating functions is affine in

Affine processes play a central role in several classes of derivative models, ranging from interest
rate to stochastic volatility and credit models. The success of affine processes is due to their analytical
tractability and to the fact that they capture certain key statistical properties of processes such as those
for short term interest rates and asset price volatility. The archetypical affine models are based on
diffusion processes and are described by stochastic differential equations of the form

dry = (a — bry)dt + orl dW (1.3)

wherea, b, o are constants and equals either 0 on}. The case3 = 0 corresponds to the Vask
(Gaussian Ornstein-Uhlenbeck) proceSsdnd the cased = % corresponds to the Cox-Ingersoll-

Ross (CIR) process/]. It has been shown in8] and [9] that any affine process which is a time-
homogenous, nonnegative diffusion is necessarily of the CIR type. However, there are also affine
processes with jumps. As discussed in the Finance literatudjngeneral non-negative affine pro-

cesses correspond to the so called conservative CBI-processes (continuous state branching processes
with immigration) and have been well studied, among others, by Kawazu and Watanafk in [

Empirical analysis based on affine interest-rate models incluge [13], [14], [15], while the
paper [L6] extends the analysis to foreign exchange rates. Statistical methods developed specifically
for the analysis of time-series data from affine models have been based on the approximation of
the likelihood function 17] or on spectral properties, making use of the easily calculated complex
moments of affine processekg].

Affine diffusion models allow one to price in analytically closed form not only bonds, but also Eu-
ropean style interest rate derivatives such as caplets and swaptions. However, to price path dependent
claims including for instance barriers and optimal exercise features, one has to resort to numerical
methods, either based on lattice discretizations or on Monte Carlo simulations. A class of binomial
lattice models was proposed by Hull and White 18]} [20], see also2]. These lattice models are
characterized by a fixed set of time dates at which lattice nodes are placed and can be calibrated in
such a way to achieve consistency with the initial term structure of interest rates at the nodes. These
models admit a continuous limit corresponding to a version of theC®isiith time dependent co-
efficients and are known as the Hull-White (HW) model. Monte Carlo methods are discussed by
Longstaff and Schwarz ird], and apply to multifactor models such as the market LIBOR models of
Brace, Gatarek and Musield][and Jamshidian3.

In this article we introduce a new class of lattice models that admit the CIR and HW model as con-
tinuous limits. The key idea is to approximate the corresponding affine diffusion process by means
of a discrete birth and death process, which is also affine. Our lattice models have the advantage of
being defined in continuous time and of being analytically tractable to the same extent as their con-
tinuous limits are. This implies that, in the calibration stage, one can match the initial term structure
of interest rates or implied volatilities at all dates in the future. In the valuation stage instead, one
has the flexibility of setting the lattice nodes at the time dates which are most appropriate to the given
payoff at hand without changing the model. Figtrdustrates the concept. Of central importance is
the ability to analytically compute the following node-to-node discounted transition probabilities in a
discrete state Markov process:

(7, r0,1) = Bo [5(r, = ra)e 5 7] @4

Since the underlying process is defined in continuous time, for all sequences ofydates< - - - <



Figure 1: Lattice geometry

t, we have that discounted transition probabilities satisfy the Chapman-Kolmogorov equation:

q(tn — to,ro,mn) = Z q(t1 —to,ro,m1) - q(tyy — tp—1,Tn—1,Tn). (1.5)

T1.-3Tn—1

Notice that in our approach European style payouts can be priced with lattices involving only nodes
at the maturity date. As an example, below we discuss in detail the case of Bermuda swaptions with
three opportunities to exercise prior to maturity; this case corresponds to the lattice sketched in Figure
1; notice that nodes are required only at the exercise and maturity dates.

The paper is organized as follows. In Section 2, we define affine discrete birth-and death approx-
imations for the CIR and HW processes. We also define and compute generating functions which,
by inverting a Fourier series as discussed in Section 3, allows one to compute node-to-node transition
probabilities. In Section 4, we discuss how to match the initial term structure of interest rates and,
in Section 5, we give a step by step description of the construction of a lattice model for Bermuda
swaptions.

2 Generating Functions

In this section we define the continuous time, discrete space birth-and-death approximations for the
CIR and HW processes and compute the corresponding generating and characteristic functions. Here
and throughout the article we assume that the progegsvhich represents the instantaneous interest
rate is a stationary Markov process and denote Withe corresponding generator.

We will remind that the (discounted) generating function of the pro¢egswas defined (see
equation L.1) as:

G(r,r,a)=FE [eO‘TT*fOT Tsd3|r0 = 7’} , (2.2)
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wheret > 0 anda € C. Since the procesg) is stationary we could equivalently define the
generating function as follows

G(r,r,a) =F [emT—ftT T3d8|7"t = r} , (2.2)
wherer = T — t. Thecharacteristic functiorF'(¢, r, «) of the proces$r;) is defined as follows:
F(t,r,a)=F [em” |7‘0] . (2.3)
In the particular case = 0, the generating function reduces to ttiscount function
B(t,T) = G(T —t,1,,0) = E [e_ I Tsds‘m} .

Yieldsy;:(T") are defined as follows:

_ In(B(@,T))
ye(T') = T 7 (2.4)
while thecontinuously compounded instantaneous forward istgven by
oln(B(t, T
fe(T) = _9l(BET)) (2.5)

or
The functionG (7, r, &) can be evaluated by means of the following standard result:

Lemma 2.1. Let £ be the Markov generator of the procegss). The generating functio& (7, r, «)
solves the following evolution equation:

S + LG =rG (2.6)
or

with initial condition G(0, r, o) = e®".

Proof. Let0 < ¢ < T andr = T — t. Using equationZ.1), the generating function can be written as
follows:

G(r,re,a) = el F [em“T*foT ”d5|7’t} : (2.7)
Let’s define the function
g(t, T,r,a) = E {em’T_foT “d“"rt = ’I“:| . (2.8)

Since the procesX; = ¢(t,T,r:, «) is a martingale fot < T, the functiong solves the following
equation:

dg B
5% +Lg=0. (2.9)

Using equationZ.8) we can express the proceXs = g(t, T, r¢, o) as follows:
g(t, T,ry,a) = e~ Jo rdSQ(T — t, 1y, ). (2.10)

Inserting expressior2(10 into equation 2.21) leads to the equatior2 (6) for G. O



(ii)

Recall that the procegs;) is defined as beingffineif the logarithm of its generating function
is an affine function of the short rate(see equation1(2). Well known examples of affine short rate
dynamics are given by the Ornstein-Uhlenbeck and the CIR processes. The corresponding Markov
generators are of the form

L= (a—0br)V+ %a%?ﬁA. (2.11)

The cases = 0 corresponds to the Ornstein-Uhlenbeck process v@ﬂe% corresponds to the CIR

case. Her&/ = % andA = 89—:2. The discrete versions of these processes are given by the Markov
generator

1
L" = (a—br)Vh + §a2r2%h (2.12)
where € {0, 1}, b, h > 0. In this case, the short rateis restricted to take values in the grid
A(h,D)=hZN D (2.13)

where the domai equalsR in cased = 0, while D =R, if § = % The operatoryﬁ‘r andA" are
finite difference approximations t@ andA and are defined as follows:

Vii@) = p(f ) = f@) AM@) = (S h) + S - ) - 2f(@). (214)

We refer to the process with = 0 as to the Charlier process and denote ith§ A(a, b, o; h),
1

while the process for3 = 5 will be called the Meixner process and will be denoted by
MEI(a,b,o;h). This terminology refers to the fact that the eigenfunctions of the corresponding
Markov generators are given by the Charlier and Meixner polynomials 5seéNotice though that,

for the specific purposes of this article, knowledge of the eigenfunctions is not required.) Since in the
limitash — 0 the one parameter family of Markov generatéfsconverges to the generatfy given

by equation 2.11), the Charlier and Meixner processes can be regarded as the lattice approximations
for the Ornstein-Uhlenbeck proce®d/(a, b, o) and of the CIR procesSIR(a, b, o), respectively.

The Meixner and Charlier are sometimes called (discrete) birth and death processes. Birth and
death processes behave very much like diffusion processes, the main similarity being that transitions
from state; to statej > i only occur if the process takes up all the intermediate valued,: +
2,...,7 — 1 betweeni andj. The following is the main theorem in this article and shows that both
the Meixner and Charlier interest rate processes are affine and analytically solvable, by explicitly
evaluating the functions:(¢, o) andn(¢, a):

Theorem 2.2. In the two caseg = 0 andj3 = % the short-rate model with generatd?.(2) is affine
for all values of the parameters.

If =0 (i.e. (r;) is a Charlier process) the functions andn are given by the following formulas:

m(t,a) = a = jlogll + (1= =M (el — 1)
n(t,a) = 753" (loglL + (1= == (gt — 1)) ~ th) + (215)

2
o ((1 — e~(b=hty(e=ha _ by | th)

If 3 = % (i.e (r;) is a Meixner process) the functionsandn are given by the following formulas:

ha o4
1 e'*—1—-M;+2
m(t,oz) =7 log |:1 + Ml - % + 1+2(16’Y”)(eh"‘1n1\41):|

(2.16)
n(t,a) = 2 (Mlt ~Llog [1 + 21— et (ehe —1- Ml)D

wheren = 2 — b, v =/(b+ h)2 + 4hn and Mlzl”z”%.



Proof. By using (L.2) as an ansatz to solve the equation for the discount fa2t6y, (ve find

1 1 1
—mr—n+ (a— br)ﬁ(ehm -1+ iagrwﬁ(ehm +ehm_ 9y =1, (2.17)
In casel = 0, this equation splits into the two differential equations
. __bl hm_1 -1
e 2.18)
n=ay(" —1)+ 102z ("™ + e —2),

while if 5 = % we find the following system:

{m:—bl( hm_ )_1+1 21(hm+e—hm_2)

= ad (o 1) (2.19)

In either case, the initial conditions are(0, o) = «, n(0,«) = 0.

We will illustrate how to solve these equation on the example of Meixner process (the case of

Charlier process can be treated similarly). Let's introduce the new fundfigna) = et — 1
By multiplying the first equation in the syster®.19 by ke, we arrive at

. 102
M = hehmm — —b(62hm _ ehrn) _ hehm + 70'7

5T (e2hm _ 2ehm 4 1) (2.20)

=nM? - (b+h)M — h,

where we denote = % —b. The initial condition isM (0, ) = e~ — 1. Equation 2.20) is a Riccati
equation and can be solved explicitly:

M — Mye Mazern-1

eha—1
T T (2.21)
My—ehe—1

wherey = /(b + h)? + 4hn and M , = *H}==2 are the roots of the second order polynomial
nM? — (b+ h)M — h. By simplifying (2.21), we arrive at the expression for the functierit, a, \)

in equation 2.16). Having found the functiod/ (¢, o), the functionn can be computed using second
equation in the systen2(19 as the following integral

@ZjM@@@
0

Corollary 2.3. Inthe two case$ = 0 and = 3, the characteristic functio'(¢, , a) of the process
can be computed analytically and is given by the following expression:

F(t,r,q) = ¢mbern(io) (2.22)

where the functions:(¢, o) and7i(t, «) are given as follows:

M(t,a) =

O

(i) if 3 =0 (i.e(r;) is a Charlier process), then

{m@¢m_wa—mgy+u—ebw@mﬂ_n] 2.23
n(t,a) = g2 (1+ 22 log[L + (1 — e ") (e — 1)] + (1 — e (e~ — 1)) '
(i) if 3= 2 (i.e (r;) is a Meixner process), then
2bh —ihay —bt
m(t,a) = —l - log |:1 + a- giiil&i)fl—e*);)f 252;1]
2 v (2.24)

2

ni(t, o) = %,_ log {1 + (e —1)(1 —e7b) (1 — ;ﬁ)}



3 Computing discounted transition probabilities by Fourier
methods

Let (r;) be a stationary Markov process on the latticgr, R, ) with generatorZ” given by the
equation in 2.12.

Definition 3.1. Let0 < to < ¢; andt = t; — to. Thetransition probabilitiesfor (r;) are defined as
follows:
pjk(t) = Plry, = kh|ry, = jh| = E[6(ry, — kh)|ry, = jh], 3.1)

Hered(r) is the function such thaf(r) = 1 if » = 0, while otherwisej(r) = 0. Thediscounted
transition probabilitiesy;, (t) are defined as the following expectations:

Gn(t) = E [5(% — kh)e T |y, = yh} 3.2)
By means of these functions, one can express discounted expectations as follows:
E [f(rT)e*ftﬁ "y, = jh| = B {z F(ER)S(rp — kh)e™ Vo ™% |, :jh] -
= S f(kh)E [ (rp — kh)e™ Jo "% |y = yh} 5 F(kR)g5u(T = to). (3.3)

Theorem 3.2. Discounted transition probabilitieg;;(t) can be can be evaluated as the following
inverse Fourier transform:

1
gk(t) = / e 2miwk (t jh, 2mh> dw. (3.4)
0
Proof. The definition of generating function can be recast as follows:
G(t,jh, ) Zq Yeolh, (3.5)

The integral on the right side of equatidh4) equals:

1 ) e’} 1
/ef%iwk D au(t)er™ dw =Y " qa(t) / e TR dw = ;i (1) (3:6)
0 1=0 =0 0

since

1
/6727riwk627riwldw _ 5([ _ k) (37)
0

O

Corollary 3.3. The transition probabilitiep;(t) can be evaluated as the following inverse Fourier
transform:

1
pin(t) = / 2wk (t, jh,27rf) dw. (3.8)
I
0



4 Matching the term structure of interest rates
4.1 The Charlier case

The Hull-White dynamics for interest rates can be described as follows:

wherez, is OU(0,b,0). We consider here the discrete version of the Hull-White model, where the
processe; is replaced by Charlier proce€8a(0, b, o; h).

Definition 4.1. Bond prices are defined as follows:
B(t,T)=E [e_ I Tsdsyrt] 4.2)

wherer, = ¢(t) + z; andx; is CHA(0,b, 05 h).
Notice that thanks to theoret?2, the proces®3(¢, T') is given by

B(t, T) =e ./‘tT ¢(S)dSE |:€7 .[tT zsds ‘rt] —=e ./‘tT ¢(S)dSG(T — t, Ty, 0) =
— o= [ #(s)dstm(T—,0)z¢+n(T—t,0) (4.3)
where the functiongn andn are given by equatior2(15. The continuously compounded instanta-
neous forward rate is given by

o) = ~PBECDD) i) a1, 01, T~ 1,0) (4.4)

forallt < T, and yieldsy(T") are

T
(T) = 71H(5(iatT)) == 1_ - (/ d(s)ds —m(T —t,0)xy —n(T —t, 0)) . (4.5)

Notice that the initial yield curvgy(T)) at time¢ = 0 uniquely identifies the functiot(s) such that
yo(T) = 4(T).

4.2 The Meixner case

Let X; be theM EI(a,b,o,h). To match the term structure of interest rates in the Meixner case we
make use of a deterministic time change of the ferm s(¢) wheres(t) is a monotonously increasing
function with s(0) = 0 and inverse function(s). Let S > 0 be a fixed maturity and Ief' = ¢(.5).

The interest rate process is defined as follows:

dt
rs = th(s)% (46)
and the discount function under the new time coordirasegiven by
s(T) t .
B(s,S) = E [e_ /S T‘“dslrs} _E [e‘fsu? It<s>%d8\xt} — L [e_jtT wudu xt} L@

Sincex; is a Meixner process, the discount functiBis, S) can be computed explicitly as described

in theorem 2.2). The yield curve is given by

m(t(S) —t(s),0)Xy(s) + n(t(S) —t(s),0)
S—s ’

ys(8) = - (4.8)



If y0(9) is the initial yield curve, the condition specifying the time-change function is
— m(t(S),0)Xo — n(t(S),0) = Sgu(S). (4.9)

Notice that, in the Meixner case, rates stay positive Xg> 0, and the functions:(¢, 0) andn(¢, 0)
are decreasing infor all choices of the parameters. Sineen(T,0)X, — n(T,0) is also increasing
in T', for each maturityS there exists one and only one vallle= ¢(S) satisfying equation4.9) and
the time change functiot{(s) is also monotonously increasing.

5 Example: Pricing Bermuda swaptions

In this section, we describe in detail how to construct lattice approximations for the HW and CIR
models in the particular case of Bermuda swaptions. As an example, we consider a swaption struck
at the rateKl' = 7%, maturing in 5 years and early exercise possible on the following dates:

3.5y, ta = 4y, ts = 4.5y,t, = by. If exercised at time, the payoff function for the swaption is the
present value of the underlying swap of réfeand unit nominal, i.e.

PV, = PV(r,t) = (Z(T) ~ Zu(To)) + 5 >0 KZ(T) (5.1)
=1

wherely, 11, ... T,, are the cash-flow dates for the underlying swap. In our example, we sheseé0
andTy, 11, ..., T,, = (5.5,6,...,10.5).
We make use of the following parameters for the short rate process:

(i) inthe case of the Charlier process, weset 0.005, b = 0.1, o0 = 0.013, h = 5.

(ii) in the case of the Meixner process, we®et 0.05, b=1, 0 = 0.1, h = .

The risk neutral measur@ corresponds to choosing the money-market proékss elo rsds ag
numeraire. The present value functiBi (r, t) satisfies the following martingale condition undgr

By

PV(]h7t) =F PV(?"t+At,t + At)

ry = jh] =" gin(AOPV (kh,t + At)  (5.2)
t+ At k

where they;;, are the discounted transition probabilities #13). The error introduced in this relation
by cutting off the lattice is a useful measure to assess the degree of accuracy of the lattice model.

A convenient method to numerically evaluate the matrix of discounted probabijliti&s is based
on the Fourier integral in equatioB.@). To assess the impact of the errors arising from the numerical
quadrature, it is useful to measure the discrepancies in the martingale condition in eqb&)ion (
Notice that the probabilitieg;;(¢) decrease very rapidly a& — j| increases. Hence, for each fixed
pair j andt, we can find an intervelk, k2] such that ifk ¢ [k1, k2] theng;(t) is negligibly small
and thus truncate the support of this function. This enables us to pass to a discrete Fourier transform.
Due to the steep decay propertiesgpf(¢) as a function ok, it turns out that the number of points
required to achieve a precision of ordé* is of the order of a few hundreds and is thus within easy
reach. Below we give a detailed, step-by-step description of this construction.

To avoid arbitrage, we need to ensure that the interest rate procsts/s nonnegative. This is
obvious by construction in the case of the Meixner process, while in the Charlier case (as in the cor-
responding Ornstein-Uhlenbeck case) the interest rate process possibly attain negative values
with positive probability. We thus have to ensure that this probability is negligibly small. This can be
accomplished by restricting the parameters$ andc as indicated above. Whether this restriction is
too stringent depends obviously on how low the short rate is as compared to implied volatilities; in
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Figure 2: The dependence of the relative error in computing the discounted transition probabilities on
the upper boundarks.

a low interest rate environment, the Charlier-Hull-White model may well not be applicable. Assum-
ing that the probability that the short rate takes up negative values is either negligible or rigorously
zero, the discounted probabilitigs, (¢) are bounded from above by the (undiscounted) transition
probabilities, i.ep;x(t), that is
qk(t) < pjr(t). (5.3)
Hence, for each paif, t, transition probabilitieg; () can be computed by the following procedure:
e Fix a smalle; in our experiment we set= 10=°.

e Fixtheintervalky, k2]. In our experiment we use the Meixner process to model the interest rate,
thus we can choosg = 0. In order to computés we use the closed form expressions for the
transition probabilities (given by formul&(2)) to approximate the corresponding probabilities
on the lattice. In our experiment we found that to achieve the desired accuracy we can take
ko = 600. Next, we truncate;(t) to the interval0, k,].

e Compute the discounted transition probabilities using the following formula:

ko
Gn(t) = 3Gt jhan)e 2T (5.4)
n=0

ko +1

whereq,, = 2m‘m, n = {0,1,..,ko}. This formula can be justified as follows: Since
¢;1(t) is supported irk € [0, k2] (neglecting the terms of ordey, the definition of the generat-
ing function can be recast as follows:

]CQ k2
Gt jhyan) = > qu(t)e ™ =3 g (1) Rt (5.5)
k=0 k=0

10



Figure 3: Continuation region and the optimal exercise boundary.

and we see thaf (¢, jh, o, ) as a function of: is the discrete Fourier transform @f; (¢). Thus
¢;%(t) can be computed as the inverse discrete Fourier transfof®itofh, o, ).

o After the matrix of discounted transition probabilitiges (¢) is computed, we verify the martin-
gale condition %.2): if all the estimates (fok;, k) are correct, then the error will turn out to
be of ordere.

After one computes with high precision the discounted transition probabilities, one can proceed
to price the Bermuda swaptioRB; = PB(r,t) by backward induction. Following the standard
principles of stochastic optimization theory, we start with the time of maturity ¢, and make
our way backwards up until current time. At maturity, the swaption price is give®Byr) =
(PVi(r,t4) — K)T. To accomplish the first iteration step from timgto time ¢, for each nodg,
the vector of discounted probabilities, (t4 — t3) is computed. LePB(r, t3 + 0) be the discounted
expectation of the option payoff conditioned to no exercise at timets. Our choice of notation
indicates that this price coincides with the pricefB(r, s, t3 + dt) for 6t | 0, i.e.

PB(jh,t3 +0) =Y _ qjk(ta — ta) PB(kh, ts) (5.6)
k

By comparison with the payoff in case on chooses to exercise atttimeé; and choosing the larger
among the two one determines the exercise strategy and the pricing function

PB(jh,t3) = max(PB(jh,ts +0), PV (jh,t3)). (5.7)

This procedure is then iterated backwards up until currenttiead). The optimal exercise time for a
Bermuda swaption is the first timtec {¢1, ..t4} such that the value of Bermuda swaptiB,; equals
the value of the swaptioRV;. Since for each fixed timethe price of the Bermuda swaptidhB(r, t)

is monotone in the short rate theoptimal exercise boundary} is defined as follows:

i, = sup{r|PB(r,ty) < PV(r,ty)} (5.8)

11
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Figure 4: Prices of bermuda swaptions and the optimal exercise boundary.

The optimal stopping time* is then
" =inf{t,:n=1,... 4, <r] }. (5.9

The lattice is thus divided into two non-intersecting parts -dbetinuation region{(¢,r) : r > r;'}
and thestopping region{(¢, ) : » < r}}. The optimal exercise rule is that exercise occurs at the first
point in time when we reach the stopping region.

Prices of bermuda swaptions foe= 3.5, 4, 4.5, 5andr = 1%...10%

1% 2% 3% 4% 5% 6% 7% 8% 9% | 10%
t=3.51110.29 | 103.60 | 97.00 | 90.49 | 84.05 | 77.71 | 71.44 | 65.26 | 59.16 | 53.15
t=4 | 98.71 | 94.40 | 90.16 | 85.97 | 81.85 | 77.80 | 73.80 | 69.86 | 65.98 | 62.16
t=4.5| 91.01 | 88.13 | 85.30 | 82.51 | 79.77 | 77.07 | 74.40 | 71.78 | 69.20 | 66.66
t=5 | 85.65 | 83.63 | 81.65 | 79.69 | 77.77 | 75.87 | 74.00 | 72.16 | 70.35 | 68.56

Remark5.1 An alternative to using Fourier transforms is to evaluate the generating function at a
sequence of real values, of the parametet and invert a discrete Laplace transform. This leads to the
problem of inverting the Vandermonde mattix, = (x,,)’,n,j = 0, 1,...N wherez,, = ¢"*». The

reason why we recommend using Fourier series instead, is that our numerical experiments indicate
that if V is chosen sufficiently large, the Vandermonde matrix we obtained was ill-conditioned and
impossible to invert numerically.

6 Concluding Remarks

In this article we introduce a new discretization scheme for a broadly used class of short rate models
based on affine processes. Lattice models constructed in this framework have a direct financial inter-
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pretation and are thus fully consistent. Moreover, they are analytically tractable and lend themselves
to efficient calibration schemes. In our framework, time nodes are defined only at those dates which
are relevant to a specific payoff, while node-to-node transition probabilities are evaluated analytically.
To illustrate the implementation of this class of lattice models, we discuss in full detail the example
of Bermuda swaptions.
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Appendix. Probability densitities for the Ornstein-Uhlenbeck
and the CIR process

In section5, we used the following formulas for probability kernels in order to estimate the cut-off
boundaries:

(i) Inthe case of the Ornstein-Uhlenbeck process, the transition probability density is given by

—w)e=b — a1 — e—bt))2
ol y) = b (b(z —y) (1 ) ) (A1)

27 sinh(bt)o? P <_ 2bo? sinh(bt)

(ii) Inthe case of the CIR process, the transition probability density is

bt 3(25-1)
pi(T,y) = ¢ (ye) €Xp [—Ct(xe_bt + y)] 1%71 <20t\/ xyebt> ) (A.2)

T

wherec; = —2b/(0?(e7% — 1)).
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